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The theory of a mass spectrograph is described. The instrument is arranged so that an 


electric field forms near the entrance to the magnetic field a real image of the entrance slit 
with rays of one velocity. The velocity dispersion produced by the electric field is counter- 


balanced by the velocity dispersion in the magnetic field. 


N mass spectrographs of high resolving power, 

great advantages are obtained by focusing a 
beam of charged atoms which not only diverges 
in direction but also contains particles with 
slightly different velocities. If focusing methods 
are not used, the selection of a sufficiently narrow 
bundle and a sufficiently restricted velocity 
range implies a very great loss of intensity. 

In this paper the theory of one type of mass 
spectrograph is discussed in which an electric 
field forms a real image of the entrance slit with 
rays of one velocity near the entrance to a 
magnetic field, and in which the velocity dis- 
persion produced by the electric field is counter- 
the velocity dispersion in the 


balanced by 


magnetic field. 


CHARGED PARTICLES IN A CYLINDRICAL 
CONDENSER 


Let us consider a charged particle passing 
from the slit S (Fig. 1) into an electric field at a 
distance /’ from S, and at a radial distance y, 
from the circular orbit AB to which SA 
tangent at A. If the field is due to a potential V 
applied to two cylinders of radius r; and fo, its 
value at any radius r is c/r where c=log, fe/ri. 
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Let vo be the velocity required for the circular orbit 
of radius a (v0?(m/a)=c(e/a); vo? =(e/m)c), and 
consider a particle with a velocity v;=v9(1+ 8), 
making an angle a with SA and entering the 
condenser at yy: (y:=al’). Here 

imv? is less than 3mv,;? by the work done in mov- 


its energy 
ing the particle through a distance y,; against the 
electric force. This potential energy is y,e(c/a) or 
mv? (y:/a) so that mv? = $mv_?(1+ 28) — my_"(y;/a) 
or v=v09(1+8—(y1/a)). 

The orbit has been calculated by R. Herzog! 
as a special case of a general theory in which elec- 
tric and magnetic fields both act on the particle. 
The calculations may be considerably short- 
ened if the equations of motion in polar coordi- 
nates d?r/di? —r(d@ /dt)? = — k?/r, where k? = (m/e) 
<c=(m/e) log. re/r, and r°dd/dt=A where A isa 
constant for each orbit, are transformed into an 
equation between 1/r and ¢.* Setting u=1/r we 
have dr/dt = (—1/u*)(du/d@) (d@/dt) = —A (du/dd) 
and (d?r/dt?) = —A(d/dt)du/do¢= —Au*(d*u/d¢?), 
so that the equation of motion is (d*u/d¢*)+u 
(k?/A?)(1/u). We are interested in small devia- 
R. Herzog, Zeits. f. Physik 89, 447-473 (1934). 

The author is indebted to Professor W. Bartky for 
pointing out the advantages of this transformation in this 


problem. The resulting equation was also used by Hughes 
and Rojansky (reference 3) for different initial conditions. 


1 
2 





68 A. J. DE 











Fic. 1. Paths of ions in electric and magnetic fields. 
tions from the circular orbit w=1/a for which 


A=ka=avy. For the general orbit discussed 


above A = (a+y)*o= (a+y1)v=avo(1+8). 
Setting u=1/a(1+2), where z is small, we 
waa - following equation for 2, d?z/d¢* 
= —28, which gives z=—8+P cos v2¢ 
405 sin n V3e. One initial condition #=0, 
ug=1/a(1—(y:/a)) gives P=—(y,/a)+8 and 


the other 


du| -—i1drdt| -—1 dr| a 
ddlo r dt dd, A dt 0 Vo 
gives Q= —(a/v2), so that to a first approxima- 


tion, the equation of the orbit in the electric 
field is w=1/r=1/a|1—8+(8—(y:/a)) cos v2¢ 
—(a/v2) sin V2¢}. The special case discussed by 
Hughes and Rojansky* may be deduced by put- 
ting y:=0, ie. /’=0; then r=a for ¢=0 and 
¢=72/V2 showing that a divergent beam at ¢=0 
is brought to a focus at ¢=127°. 

We are interested in the more general case in 
which /’+0 and in which the rays after being 
deviated through an angle ¢ leave the electric 
field and come to a focus at a distance /’’. At the 


angle ¢, 


r=a+y2=a}1+(a/2) sin v2¢ 
+8(1— cos ¢)+(y:/a) cos v2¢} 
3A. L. Hughes and V. Rojansky, Phys. Rev. 34, 284 


(1929) 
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and the angle a” with the tangent BC to the 
circular orbit is =(1/a)dr/dd|. 
=a cos V2¢+V2(8—(yi/a)) sin v2¢. In rectilinear 
coordinates, with the axis x” in the direction BC 
coordinate at right angles, the equa- 
the path is y’=yet+ea”’x’’. Putting 
and substituting the values of ye and 


given by a” 


7 


and the y 
tion of 
n= al’, 
«”’ and collecting terms, 


y’=all’ cos V26+(a/v2) sin v2¢ 
+x’’(cos V2¢—v2(l'/a) sin v2¢) | 
+Ba}1—cos v26@+(x"/a)v2 sin v2¢}. 


At a value of x”=l" 
bracket zero, the value of y” 
the angle a at which the rays originally entered 
. Adivergent bundle of one velocity 
The rela- 


the first 


is independent of 


which makes 


the condenser 
is therefore ary to a focus at /” 
tion between /’ and 1” for which this occurs is: 


(l’+l”) cos V2¢+ (a/v2) sin V2¢ 
—(v2/a)l'l” sin V2¢=0 


or I'l’ —(l'+l"’)(a/v2) cot vV2¢—(a?/2)=0, as 
deduced by Herzog (Eq. (25)). This may 
be written (/’—g)(l’’—g)=f?, where f=(a/v2) 
X(1/sin V72¢), g=(a/v2) cot v2¢, in analogy 


with the formulae of geometrical optics. 
The velocity dispersion is given by the second 
bracket in the above equation for the path after 


leaving the condenser. At x’’=/" let the value 
of y” be 6”. Then 
b’’ = Ba\1—cos V2¢+ (l"’/a)v2 sin v2¢} 
=aB{1+(I"—g)1/f} 
=aB\}1+f/(l'—g) (Herzog, Eq. (34)). 


FocusING CONDITION 


For the paths of charged particles in a mag- 
netic field analogous expressions may be de- 
duced for the corresponding distances /’ and 1” 
(See Herzog, reference 1, p. 459). However in 
the mass spectrograph to which the present paper 
refers very simple relations hold, as the angle of 
deviation is 180°, and both /’ and /” are zero. 
With these semicircular orbits two velocities 
Yo and v;=v9(1+ 8) will unite* at P (Fig. 1) if 
they enter the field H at two points C and D 
where PC = 2p9= 2mv)/eH and PD = 2p, = 2mv,/eH 
so that DC=28po. If the velocity dispersion 
produced by the electric field is equal to CD, that 


4A. J. Dempster, Phys. Rev. 20, 638 (1922). 
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is if 2o,=a(1+f/(l'—g)), the rays of different 
velocity will enter the magnetic field at the 
proper points to be united at P. In this way the 
velocity dispersion produced by the electric 
field is counterbalanced by the dispersion in the 
magnetic field, and a divergent beam entering at 
S containing slightly different 
velocities is brought to a focus at P. For example, 
if a=8.48 cm, ¢=90°, and /’=1 cm, then f=7.55 
cm, g= —4.57 cm and po must be 10 cm giving 
1” = 5.66 cm. 

This focusing condition can be filled exactly 


particles of 


only by one radius of curvature po. If different 
ions of the same energy are used, the curvature 
in the electrostatic field will be the same for all, 
but in the magnetic field the paths will have 
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different radii of curvature. For ions that do not 
follow the path for perfect focus, the image 
width dc increases with their distance from P. 
A simple geometrical computation shows that 
dc/DC=PP'/PC. Thus with a diaphragm at 
Ca 2 
finitely narrow slit would be increased to 0.1 mm 
at a distance of 1 cm from P. For the qualitative 
analysis of elements this widening of the image 
is not disturbing, and for exact comparisons of 


mm opening the image width of an in- 


atomic weights by the method of doublets, the 
doublets may be always brought to the position 
of exact focus. 

The observations made 
constructed on these principles will be described 


with an apparatus 


in a later paper. 
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Electron and Negative Ion Mobilities in Oxygen, Air, 
Nitrous Oxide and Ammonia 


RusseLt A. NIELSEN AND Norris E, BRADBURY 
Department of Physics, Stanford University, California 


(Received November 13, 1936) 


The electrical shutter method for measuring electron 
mobilities in gases has been extended to include experi- 
ments in oxygen, air, nitrous oxide and ammonia. The 
experimental data support the hypothesis that collisions 
of low energy electrons with molecules of these gases may 
be inelastic. Such collisions cause excitation of vibrational 
levels, electronic levels, or dissociation of the molecule. 
The results are compared with experiments reported else- 
where on negative ion formation in these gases. In general 
the onset of negative ion formation is accompanied by 


A. ELECTRON MOBILITIES 


N electrical shutter method for measuring 

the drift velocities of electrons in gases has 
been described in previous communications.!:? 
The results heretofore obtained have been re- 
stricted to gases in which the electrons remained 
free. By working at somewhat reduced pressures, 
however, it is possible to extend the method to 
take data in gases in which negative ions are 
formed by electron attachment. Under these 
1N. E. Bradbury and R. A. Nielsen, Phys. Rev. 49, 388 


(1936). 
2R. A. Nielsen, Phys. Rev. 50, 950 (1936). 


inelastic collisions which result in a marked increase in 
the electron drift velocity. Negative ion mobilities in these 
gases have been measured in the same apparatus by an 
adaptation of the Rutherford alternating current method. 
The ions were formed by electron attachment in an 
auxiliary field and their mobility determined at various 
ages. The probable character of the ions is discussed 
after comparing the experimental results with those pre- 
dicted by the Langevin theory. 


circumstances there negative ion 
background current upon which is superimposed 
the electron current to be measured. For gases 
in which the probability of electron attachment 
at a collision is of the order of 10~* to 10~°, the 
background current can be reduced sufficiently 
to permit accurate measurement of the electron 
current maxima by restricting the pressure to 
values between 2 and 10 mm. In the present 
experiments the electrons were emitted from a 
photoelectric surface in the same apparatus em- 
ployed in the measurements on hydrogen! 
using, however, the constant potential and vary- 
ing frequency method of measurement.” 


appears a 
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Fic. 1, Electron drift velocity in oxygen as a function of X/p. 
Oxygen bility of electron attachment at a collision in this 


Oxygen was obtained from a commercial tank 
of the gas and all condensable impurities were 
removed by passage through traps immersed in 
liquid nitrogen. The experimental data are re- 
produced in Fig. 1, together with a curve calcu- 
lated on the basis of Briiche’s* values for the 
collision section and Townsend and 
Bailey’st values for the mean energy of the 
electrons. It is seen that the experimental values 
are considerably greater than the theoretical 
and, as in the case of hydrogen and nitrogen, 
this may be ascribed to the presence of inelastic 
X/p<2, where the 


cross 


collisions. For values of 
average electron energy is less than one volt, 
these inelastic collisions occur in the excitation of 
vibrational levels. At an X/p of about 2, a 
marked point of inflection is observed in the 
experimental curve. This is undoubtedly due to 
the increased possibility of excitation of the '= 
state of O2 whose energy is 1.62 volts above the 
ground state. Electrons of this energy are avail- 
able in consequence of their distribution about 
their mean energy of one volt. Support for this 
hypothesis is to be found in the experiments on 
negative ion formation in oxygen.’ The proba- 

SE. Briiche, Ergeb. d. exakt. Naturwiss. 8, 185 (1929). 

4]. S. Townsend and V. A. Bailey, Phil. Mag. 42, 873 


(1921). 
5 N. E. Bradbury, Phys. Rev. 44, 883 (1933). 


gas, at first decreases with Xp and then under- 
goes a rapid rise beginning at approximately an 
X/p of 2. This rise as well as the increase in 
drift velocity at this point may be ascribed 
to the increase in number of low energy 


I'S state is 


elec- 
trons following collisions in which the 
excited. 
Air 

Samples of air employed in these measure- 
ments were purified by passage through traps 
immersed in liquid air. The experimental results 
are shown in Fig. 2. It is of interest to note 
that Blanc’s law® is obeyed for the drift velocity 
of electrons in air inasmuch as values calculated 
from the experimental drift velocities in nitrogen 
and oxygen agree closely with those found 
experimentally. This is, of course, true only in 
this instance because the mean energy as a func- 
tion of X /pas well as the distribution function of 
electron velocities, appear to be nearly the same 
for the two gases. The strong inflection at X /p=2 
in oxygen may also be noticed in the curve for 
air. 
Nitrous oxide 

Nitrous oxide was obtained from a commercial 
cylinder of the gas stated to be of high purity. 


°L. B. Loeb, Phys. Rev. 32, 81 (1928). 
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Fic. 2. Electron drift velocity in air as a function of X/p. 


The gas was subjected to fractional distillation 
at reduced pressure at liquid-air temperatures, 
and the middle fractions only retained for use. 
The experimental data are presented in Fig. 3. 
While measurements have made of the 
cross section of NO as a function of electron 


been 


energy,’ the results do not extend to sufficiently 
low energies to permit the calculation of a 
theoretical curve. It is of interest to compare the 
curve of Fig. 3 with what is known of negative 
ion formation in this gas.* Negative ions are not 
formed in NO by low energy electrons. At an 
X/p of 2, however, negative ions begin to ap- 
which the 
reaction 


pear are ascribed to dissociation 


Nol Ite »~No+O 


It is thus not surprising to find evidence of the 
dissociation in the drift velocity curve where it 
takes the form of an increasingly rapid rise at 
an X/p~0.6. 


Ammonia 


Ammonia was obtained from a commercial 
cylinder of the anhydrous gas. The 
liquefied over metallic sodium and fractionated 
at low pressure with liquid air and solid COs. 
The experimental data are shown in Fig. 4. 
At X/p~8, a rapid increase in drift velocity is 
observed. This is without doubt to be ascribed 


gas was 


"¥. A. Rudd, Phil. Mag. 14, 1033 
(1932). 
*N. E. Bradbury and H. E. Tatel, J. Chem. Phys. 2, 


835 (1934). 


Bailey and J. B. 


to the same process which causes the onset of 
negative ion formation® in this gas at approxi- 
mately this same value of X /p. This process has 
been suggested to be one of dissociation of NH; 
by electron impact with the initial formation of 
NH~-. The behavior of the drift velocity at lower 
values of X/p is remarkable for its linearity. In- 
asmuch as the variation of drift velocity with 
X /p for constant cross section and in the absence 
of inelastic collisions, is as (X/p)', this must 
mean a cross section for collision in NH; which 
increases at least as rapidly as the inverse 
square root of the electron energy. 


B. NEGATIVE Ion MOBILITIES 


In order to measure negative ion mobilities, 
the electrical connections to the experimental ap- 
paratus were changed so as to permit the use of 





80 


NITROUS OXIDE 


nN 
°o 
T 





i 4 rn n i rn 4 


° 4 % 68 12 6 20 24 26 32 36 40 





o Wwlo 





Fic. 3. Electron drift velocity in nitrous oxide as a function 


of X/p. 
*N. E. Bradbury, J. Chem. Phys. 2, 827 (1934). 
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Fic. 4. Electron drift velocity in ammonia as a function of X/p. 


the Franck and Pohl modification of the Ruther- 
ford alternating current method.” This was done 
in the following way: a steady auxiliary field was 
applied between the emitting surface and the 
lower grid which was of sufficient strength to 
insure the formation of negative ions in NH; 
and N.O. Between alternate wires of this grid 
was maintained a high frequency alternating 
field, the magnitude of whose potential was 
sufficiently high to sweep from the current 
stream all electrons, but to permit the passage of 
negative ions. A square wave alternating po- 
tential was applied between this grid and the 
collecting electrode. This square wave was pro- 
duced by commutation and had a variable fre- 
quency between 20 and 400 cycles/second. 
The second grid had no function, and was kept 
at a potential appropriate to its position in the 
field by connecting it to the surrounding guard 
ring. The wave form and frequency were de- 
termined by a cathode-ray oscillograph per- 
manently connected to the apparatus. 

The precautions to be observed in the use of 
this method have been pointed out by Loeb." 
In particular, if the strength of the auxiliary 
field in which the ions are formed is not equal to 
that of the measuring field, interpenetration of 
fields will result, and the distance actually 
traveled by the ions in the measured time will 
not be the distance between the grid and the 
collector. Accordingly, the higher the ratio of 


10Franck and Pohl, Ver. der Deut. Phys. Ges. 9, 69 
(1907). 
uL. B. Loeb, J. Frank. Inst. 196, 771 (1923). 


auxiliary to main field, the shorter the effective 
distance, and therefore the greater the apparent 
mobility. For this reason, measurements of the 
mobility must be made as a function of the 
ratio R=F,/F,, where F, and F,, refer to the 
auxiliary and the main field strength, respec- 
tively. The actual value of the mobility is then 
obtained by extrapolation to unity. It may be 
pointed out that in the experiments reported 
here, the distance between grid and collector was 
80 mm and the grid spacing 1 mm. The use of 
such a relatively long distance tends to decrease 
the effect of field interpenetration on the 
measured value of the mobility. 

The character of the experimental data ob- 
tained is shown in Fig. 5 in which the current is 
plotted as a function of frequency. Although the 
intercept of the current curve with the axis is not 
perfectly sharp, the extrapolation of the curve 
to the axis may be carried out with difficulty and 
is theoretically justified by the form of the cur- 
rent curve. The mobility may then be calculated 
from the expression k=d*?/VT, where V is the 
potential carrying ions across the field, d the 
distance through which the ions move, and 7 
the time of application of V. The mobility may 
then be reduced to standard conditions by the 
expression Rope = k(p/760)(293/T). 

As, expected, the experimental values of & are 
dependent upon the ratio R of the field strengths 
on both sides of the grid. The values of the 
mobility obtained in oxygen as a function of R 
are plotted in Fig. 6. The variation is seen to be 
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Fic. 5. Electrometer current as a function of the frequency 
of the square wave alternating potential. 


linear and may be extrapolated to R=1 to ob- 
tain the true value of the mobility. Actually, 
since the mobility of the ion may vary with its 
age, this procedure must be justified. In Os, ions 
of the same age were measured with R varying 
from 10 to 40. It will be noticed that these lie 
on a straight line which may be extrapolated to 
R=1 as well as to higher values. It will also be 
noticed that the point for R=104 lies on this 
line, although this ion is considerably older. 
Furthermore, points below R=10 which corre- 
spond to very short ion ages also lie upon a 
straight line whose slope is substantially the same 
as the first. From this data alone, however, it 
cannot be said that the actual variation of k 
with R is linear from 40<R<100, for within 
this age range a decrease in mobility with age 
may occur. In these experiments, in general, an 
increase in R may be associated with an in- 
crease in the age of the ion. If the mobility of 
the negative ion in oxygen remained approxi- 
mately constant between the ages 0.0002 to 
0.0007 second, corresponding to 20<R<104, 
then the linear extrapolation to high R is ob- 
viously justified. If, however, at the oldest age 
(R=104) the true mobility has decreased below 
that corresponding to R~ 20, the actual mobility 
vs. R curve must be concave upwards. In the 
particular case of negative ions in air the ion of 
shortest age corresponds to the highest value of 
R. If the extrapolated curve deviated from 
linearity by being only very slightly concave 
upwards, one would be led to a value for the 
mobility of the negative ion in air which in- 
creases with age. Inasmuch as such a behavior is 


contrary to all previous experience, linear 
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Fic. 6. Mobility of negative ions in oxygen as a function of 
the ratio of auxiliary to main field strength. 


extrapolation in the reduction of data taken by 
this method seems justified. 


Oxygen 

The experimental results for the mobility of 
the negative ion in Oy, are presented in Fig. 7. 
The mobility is seen to be a function of ion age 
with a value of 3.3 cm?/volt sec. for the fastest 
ion, and to decrease with age to a value of 2.85 
for the oldest ion measured. In order to provide a 
uniform age scale, which can be compared with 
other experiments, the actual ion ages in the gas 
at the pressure of the experiment have been re- 
computed to ages corresponding to atmospheric 
pressure and 20°C. The values for & obtained in 
this experiment are much higher than those 
ordinarily given, and undoubtedly do not refer 
to the so-called ‘‘normal” mobility in this gas. 
However, ions with a mobility greater than the 
“normal” have been reported by one of the 
authors,” who found that in oxygen of high 
purity but at atmospheric pressure and ion 
ages of 0.05”, a transient mobility of 2.65 was 
observed which shortly decreased to 2.47 and 
lower. The older ion in the present experiments 
probably corresponds to an earlier phase of the 
2.65 mobility ion previously reported. The mean- 
ing of these values with regard to the character 
of the ion will be considered separately 


Air 

The results for the mobility of the negative ion 
in air are presented in Fig. 7. Due to the low 
coefficient at attachment in this gas it was im- 
possible to obtain sufficient ion currents under 
conditions which simultaneously gave short ion 
ages. Consequently the fastest ion observed had 
a mobility of 2.8 which appeared to decrease 


2N. E. Bradbury, Phys. Rev. 40, 508 (1932). 
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Fic. 7. Negative ion mobilities in oxygen, nitrous oxide, 
ammonia, and air, asa function of ion age, in seconds. 


slowly with age up to 0.01”. This ion is probably 
of the same character as the ion of similar 
mobility and age in Og since it is known that 
nitrogen molecules do not attach electrons. 


Nitrous oxide 

The mobility of negative ions in NO are 
presented in Fig. 7. Since negative ions in this 
gas are apparently not formed by direct at- 
tachment, the ions measured were those formed 
in an auxiliary field with X/p> 2. It is seen that 
the mobility decreases with age from a value of 
1.5 to 1.4. This older value is almost exactly the 
same as that obtained by Loeb.” 


Ammonia 

The mobility of negative ions in NHs; de- 
crease rapidly with age for short ages, dropping 
from a value of 1.15 to 0.85 in less than 0.001 
second. The value for the older ion is in good 
agreement with that of 0.87 given by Loeb.“ 


DISCUSSION OF RESULTS 


Various theories have been presented giving 
the dependence of ion mobility upon the physical 
constants of the ion and the gas through which it 





81. B. Loeb, Phil. Mag. 43, 229 (1922). 
4 LL. B. Loeb, Proc. Nat. Acad. Sci. 12, 617 (1926). 
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moves. The Langevin'® theory assumes hard 
spherical ions of diameter ¢, which experience an 
inverse 5th power law of attraction with neutral 
molecules resulting from dielectric forces. Hassé 
and Cook’ have presented a theory which sup- 
poses an inverse 5th power law of attraction 
superimposed upon the dielectric forces together 
with an inverse 9th power law of repulsion. This 
latter equation does not require the use of an 
ion-molecule collision radius. However, since the 
coefficients of the inverse powers are not known 
with accuracy, and furthermore, since calcula- 
tions by the two theories lead to substantially the 
same results, the Langevin theory will be used in 
this discussion. This theory has been used very 
successfully by Powell and Brata'’ to explain 
the mobility of positive alkali ions in the rare 
gases. 

The Langevin theory gives the mobility to be 


A m+My\} 
hoi ( ) , 
Co(D—-1)}\ M 


where V/ is the mass of the ion, m the mass of the 


of the form 


gas molecule, p the gas density, and D the dielec- 
tric constant of the gas, A is a function of a 
quantity \ where 


\? = (8rpo*) / ((D—1)e’), 


in which p is the pressure, ¢ the sum of the radii 
of ion and molecule, and e the electronic charge. 
A as a function of \ may be obtained from a 
table given by Hassé.'® The values of o used in 
these calculations will be those taken from 
viscosity measurements. 

If values are substituted in the above equation 
corresponding to a monomolecular ion in Oz 
using the value of o given by Jeans"® of 3.610 
cm, one obtains a value of 3.46 for the mobility 
at 20°C. This corresponds remarkably well with 
the experimental value of 3.3 and serves to sug- 
gest the hypothesis that the ion actually measured 
at these short times is Oo~. If, instead of the ion 


8 








1% W. P. Langevin, Ann. chim. phys. 8, 238 (1905). 

1H. R. Hassé and W. R. Cook, Phil. Mag. 12, 554 
(1931). 

17 C. F, Powell and L. Brata, Proc. Roy. Soc. A138, 117 
(1932). 

18H. R. Hassé, Phil. Mag. 1, 139 (1926). 

19 J. H. Jeans, Dynamical Theory of Gases (Cambridge 
University Press, London, 1925), p. 327. 
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O.-, the mass and approximate radius corre- 
sponding to a bimolecular oxygen ion is substi- 
tuted, the value of 2.94 is obtained for the mo- 
bility. In this calculation, the value of A is 
relatively insensitive to changes in o and the 
factor ((m+M)/M)' plays the important role. 
The relative difference between this value and 
that calculated for a ion is 
nearly the same difference as observed experi- 
mentally. Thus it is suggested from this data that 
within the first 2X10-* second, the addition 
product to the initial monomolecular negative ion 
in Oz is a molecule whose molecular weight is be- 


monomolecular 


tween 15 and 35. This suggests either H2O or Ov. 
Subsequent ions have lower mobilities due either 
to the attachment of further molecules of im- 
purity or the transfer of charge to some bulky 
the 
most stringently such 
circumstances the factor A plays an increasingly 


impurity molecule inevitably present in 
purified gas. Under 
important role, and the mass factor a lesser one. 

Similar calculations may be carried out for 
air. If an ion be assumed of the same mass and 
radius which leads to a value of 2.94 in Os, a 
value of 2.88 is obtained for the mobility of such 
an ion in air. This is slightly lower than its 
mebility in Oz and is in accord with the experi- 
mental results of 2.85 in O, compared to 2.8 in 
air. It is therefore suggested that the same ion 
was observed in both cases, and that the failure 
to observe a faster ion in air was due to the 
greater ion ages studied. 

In N.O the original ion formed may be O-. 
Assuming this to be so, the calculated value for 
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the mobility is 2.73. This is much higher than 
the experimental value for the shortest ion ages 
measured, and therefore such an ion must lose 
its identity within 10~° second. Using the molecu- 
lar weight corresponding to the ion (NO).~, a 
value for the mobility of 1.85 is obtained. It must 
be pointed out that the value of o for this ion 
is very uncertain; great reliance cannot there- 
fore be placed upon the calculated value for the 
mobility. It may be said, however, that the ion 
at an age of 10-5 second apparently has a mass 
at least that of (NO)s, and increases its mass and 
diameter but little thereafter. 

It has been suggested that in the process of 
negative ion formation in NH; the initial process 
is the dissociation of the the 
formation of NH~. Although values of ¢ are not 
available for this molecule, the high value of the 
makes A _ insensitive to 
the 
If an approximate value of 


molecule with 


dielectric constant 
variations in o, and the mass factor plays 
dominant role. 
510-8 cm can be assigned to o, one finds the 
mobility of an hypothetical NH~ ion to be 1.25. 
This is not substantially higher than the fastest 
mobility observed. If one employs a mass 


corresponding to (NH+NHs) 
mobility of 1.06 which is obtained experimentally 


one calculates a 


at an age of approximately 2X10~ second. 
From the shape of the graph, a mobility of 1.25 
for extremely probable. 
This ion apparently rapidly picks up an addi- 


short times seems 
tional molecule and in less than 0.001”’ reaches 
a stable value of 0.85 which is characteristic of 
ions in even impure ammonia. 


REVIEW VOLUME 51 


The Development and Performance of an Electrostatic Generator 
Operating Under High Air Pressure 


R. G. Hers, D. B. PARKINSON AND D. W. KErRstT 
University of Wisconsin, Madison, Wisconsin 
(Received October 22, 1936) 


A belt type electrostatic generator has been developed 
which operates in a steel tank, 53 feet in diameter and 20 
feet long, under an air pressure of 100 lb./in.2. The gen- 
erator is provided with a high potential electrode system 
of a new design which serves both to give a high breakdown 
potential and to furnish a satisfactory potential distribu- 
tion along the charging belts and the accelerating tube. 


The maximum potential of the generator is about 2500 kv 
and the highest steady potential at which reliable data 
have been obtained is 2160 kv. An evacuated tube for 
acceleration of ions has been developed which withstands 
the highest generator potential. The apparatus has been 
successfully used in experiments on atomic disintegration. 
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INTRODUCTION 


FEW years ago an electrostatic generator 
of the Van de Graaff type was developed at 
this laboratory in which the apparatus was 
operated in a steel tank under high air pressure." 
Because of the small size of the enclosing tank, 
the usable potential of this generator was limited 
to about 400 kv but its numerous advantages 
indicated the desirability of further development. 
During the past year a second electrostatic 
generator has been constructed utilizing higher 
pressure and larger dimensions and has been 
successfully used in disintegration experiments. 
Although the generator is of the same type as the 
small generator referred to above, the increased 
dimensions of the new apparatus presented 
certain problems in the design of a satisfactory 
high potential electrode system; and for their 
solution a new type of electrode has been 
developed. This paper describes the development 
and performance of the large electrostatic gener- 
ator, and because of the importance of the high 
potential electrode system for successful opera- 
tion of the generator, considerable space is 
devoted to a description of its design. 


DESIGN OF PRESSURE TANK 


From a consideration of the performance of 
electrostatic generators of the Van de Graaff 
type developed here and at other laboratories, it 
was expected that the peak voltage of the 
proposed generator would be approximately pro- 
portional to the diameter of the enclosing tank, 
assuming a fixed air pressure and sufficient tank 
length. From this consideration, a tank having a 
very large diameter would be desirable but for 
convenience in operation and low cost of con- 
struction, it was decided to install the generator 
in one of the regular research rooms available at 
this laboratory. To satisfy this condition the tank 
diameter was chosen to be 5} feet and, by making 
what seemed a reasonable assumption as to the 
lengths necessary for charging belts and the 
accelerating tube, the necessary tank length was 
determined to be 20 feet. The tank? was designed 








1R.G. Herb, D. B. Parkinson and D. W. Kerst, R. S. I. 
6, 261 (1935). 

2 We are indebted to The Chicago Bridge and Iron Works 
from whom the tank was purchased for their generous 
cooperation in working out the details of its construction. 
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Fic. 1A. Sketch of the small electrostatic generator 
developed at the laboratory. Because of the short length 
of the accelerating tube and the comparatively large diam- 
eters of the steel tank and the high potential electrode, 
the tube operates satisfactorily without shielding. 
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Cylinder of Hig) Resistance Material 


Fic. 1B. The electrode system shown in this sketch, if 
experimentally realizable, would be ideal for the large 
generator both to give a breakdown potential and to pro- 
vide a satisfactory potential distribution along the charging 
belts and the accelerating tube. Cylinders of high resistance 
material were thought, however, to be impractical. 
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\Atetal Hoops ——s 


Fic. 1C. This sketch shows the electrode system adopted 
for the large generator. The hoop system was thought to 
provide the closest practical approach to the theoretically 
ideal arrangement shown in B. 


for a working pressure of 100 Ib./in.?, thus giving 
a total pressure almost twice as high as that used 
for the small generator referred to above. 


DESIGN OF HIGH POTENTIAL ELECTRODE SYSTEM 


A length of about 11 feet was considered 
necessary for the accelerating tube to assure 
satisfactory performance at the maximum po- 
tential expected of the generator. Because of the 
great length of accelerating tube compared with 
the 2-foot radius of the surrounding tank, a 
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high potential electrode similar to that used on 
the small pressure generator (A, Fig. 1) would be 
unsatisfactory, since it provides no shielding for 
the accelerating tube and a corona discharge 
would surely take place between high potential 
sections of the tube and the wall of the tank. 
Another reason for departing from the usual 
electrode design is given by a consideration of the 
inner electrode system which will give a potential 
distribution most nearly like the potential distri- 
bution given by two concentric cylinders infinite 
in length. Perhaps the closest approach to this 
ideal potential distribution would be given by an 
arrangement as shown in B, Fig. 1, with a 
conducting cylinder which is at the highest 
potential being continued at both ends by a 
cylinder of high resistance material down which 
a leakage current flows to give a gradual drop in 
potential. Such an arrangement, if experimentally 
realizable, would probably give a breakdown 
potential close to the breakdown potential be- 
tween cylinders of infinite length, but cylinders 
of high resistance material were thought to be 
impractical and the arrangement C, Fig. 1, was 
considered the best practical way to secure good 
potential distribution. The conducting hoops as 
shown in C, Fig. 1, must be insulated from one 
another with provision, however, for a small 
current from hoop to hoop which can be provided 
by a system of corona points or resistors of very 
high ohmage. With this arrangement the po- 
tential, which is highest on the main electrode of 
C, Fig. 1, will decrease from both ends of the 
electrode by a number of discrete steps and will 
reach ground potential at both ends of the 
enclosing tank. 
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In order to decide on the radius of the inner 
electrode system, 
that, for concentric cylinders of infinite length, 
the radius of the inner cylinder should be given 
by r=R/e for maximum breakdown potential, 
where R is the fixed radius of the outer cylinder 
and e is the base of the natural logarithmic 
system. This relation would determine a radius of 
12.2 inches for the inner electrode system of the 
large electrostatic generator, but since the break- 


use was made of the relation 


down voltage is a slowly varying function of r 
in the region of optimum rf, the radius of the 
inner electrode system was chosen to be 14j 
inches. This larger value of the radius was chosen 
so as to give ample room for charging belts and a 
power plant for the ion source. 

Simple calculations were made in order to 
determine reasonable values for the diameter of 
the tubing from which the hoops were to be made 
and the air gap between the hoops, assuming the 
hoops to be made of round metal tubing bent 
into a circular form. Taking into account only 
the axial field, these calculations showed that for 
a generator potential of 3 MV the air gap between 
hoops could be safely made less than one-half the 
tubing diameter without danger of sparking 
from hoop to hoop. To allow for the added effect 
of the radial field, the ratio of tubing diameter to 
air gap was finally chosen to be With this 
ratio determined to eliminate axial sparking, the 
absolute diameter of the tubing for the hoops was 
chosen partly from a consideration of the size 
most likely to give a high radial breakdown 
potential, but principally for 
construction. It seemed reasonable to assume 
that the breakdown potential should improve as 
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Fic. 2. Electrostatic generator. 
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Fic. 3. Aluminum hoop and support. 


the hoop tubing diameter and air gap become 
smaller, with their ratio held constant, since in 
the limit, with the hoop system degenerated into 
a system of closely spaced rings of fine wire, the 
potential distribution out a short distance from 
the system would be much like the potential 
distribution given by ideal cylinders of high 
resistance material. To best fulfill the conditions 
outlined above, of convenience of construction 
and high radial breakdown potential, the hoop 
tubing was chosen to have an outside diameter of 
tt inches and the hoops were spaced to have an 
air gap of ;°s inches. 


DETAILS OF CONSTRUCTION OF HIGH POTENTIAL 
ELECTRODE SYSTEM 


In Fig. 2, the general arrangement of the high 
potential electrode system is shown, but to avoid 
confusion, many of the details are not included in 
the diagram. Mechanical support for all inner 
apparatus is provided by the textolite tube 7 
which has a 6-inch outside diameter and a 
j-inch wall thickness, and extends along the 
entire length of the tank. For additional rigidity, 
two textolite tension members S with a 23-inch 
outside diameter and a }j-inch wall thickness run 
parallel to each other from opposite sides of the 
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aluminum casting C to an angle iron support at 
the end of the tank. These two textolite tubes are 
spaced 17} inches apart, from center to center, 
leaving sufficient free space for the charging 
belts. 

The hoops are made from straight aluminum 
tubing, half-hard, }4-inch outside diameter and 
}s-inch wall thickness, bent into accurate circles 
and soldered with Kester aluminum solder. Each 
hoop is provided with 3 soldered studs as shown 
in Fig. 3 and by means of three small textolite 
tubes, the hoops into rigid 
cylindrical sections with a total of 4 sections of 
hoops // of Fig. 2. As a frame work for electrode 
E, Fig. 2, five aluminum hoops of the same size as 
mounted on 3 


are connected 


those described above were 
textolite tubes to form a section 30 inches long 
and over this frame, light weight galvanized 
sheet steel was bent and soldered. 

To support electrode E and the four hoop 
sections, aluminum castings fitted with Bakelite 
rollers, as shown in Fig. 3, are clamped to the 
large textolite tube T, Fig. 2. Eighteen of these 
castings are used, spaced evenly along the entire 
length of the textolite tube. The four hoop 
sections and electrode E rest on these rollers and 
are ordinarily pinned together to form a rigid 
system with uniform hoop spacing. In order to 
have all apparatus inside the hoop system and 
the electrode easily accessible for adjustment or 
repair, the hoop section H’, Fig. 2, was made 
sufficiently large so that the smaller system // can 
be telescoped into it. Thus by unpinning the 
system /H/, Fig. 2, in the proper place and 
telescoping it into-section 7’, a space four feet 
long is left uncovered wherever needed and is 
easily accessible. Section //’ is ordinarily clamped 
to the end of the tank but may be unclamped, 
and if the smaller hoop section has been tele- 
scoped inside, section /7’ may be made to rest on 
it and may then be rolled out to have the inner 
apparatus at this end of the tank uncovered and 
accessible. 

Each hoop is equipped with a needle point and 
a plate mounted so as to form a corona system 
with the corona gaps set at about } inch and 
with the needles turned so as to be negative. As 
all electrical contacts of the hoop system and 
electrode E with the inner apparatus are made 
automatically, the system can frequently be 
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unpinned, an adjustment made on apparatus 
inside, and the system repinned, ready for opera- 
tion in 3 or 4 minutes. The 3-foot opening in the 
end of the tank which may be covered by plate 
P, Fig. 2, 
enter the tank, and when inside, an operator 
with rubber walk without 
difficulty alongside of the inner electrode system 
on the sloping wall of the tank. 


provides room for an operator to 


soled shoes can 


CHARGING BELTS AND PULLEYs 

The two charging belts are each 13 inches wide 
and are made of rubberized fabric of the type 
used in hospitals for sheeting, with the splice 
formed by vulcanizing. Pulleys for the charging 
belts are made of steel tubing 3 inches in diame- 
ter and 14 inches long with steel end plugs 
brazed into place and turned down to form 
shafts. The pulleys have no crowning except for 
a 1° taper at the ends along a distance of } inch. 
A one horsepower d.c. motor is used for each 
belt and the speed of the charging belt pulleys is 
about 3600 r.p.m. The needle system for charging 
the belts (not shown in Fig. 2) is similar to that 
used on the small pressure generator developed 
at this laboratory except that the pulleys in the 
high potential electrode are insulated from the 
electrode and can therefore be used as inductor 
plates for feeding negative charge to the outgoing 
belts. 

ACCELERATING TUBE 


Experience with an accelerating tube made up 
in short sections from straight glass cylinders 
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Fic. 4. Accelerating tube. 
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Fic. 5. Interior view of the generator showing the accel- 
erating tube and the hoop system 


showed that the most serious factor limiting the 
voltage is a flash-over along the inner glass 
surface. Porcelain cylinders were therefore de- 
signed, corrugated inside and outside as shown 
A single porcelain section with elec- 
shown in the diagram withstood a 
potential of 100 kv satisfactorily. For the 
accelerating tube of the large generator 54 
porcelain cylinders and metal electrodes were 
waxed together as shown in Fig. 4 using red 
sealing wax (American Express No. 2). The 


in Fig. 4. 
trodes as 


accelerating tube is supported inside the gener- 
ator by heavy piano wire cradles at intervals of 
15 inches along its entire length (Fig. 5) and 
sufficient flexibility to prevent strains and crack- 
ing is provided by a sylphon bellows and gimbal 
ring joint just next to the end plate of the tank. 
This tube has caused very little trouble due to 
leaks and when first mounted in the tank, it 
pumped down to a pressure of 2X10-*° mm Hg. 

While testing the performance of a single 
porcelain section in the small pressure generator, 
trouble was experienced with sparking along the 
external surface of the porcelain. This sparking 
occurred only when the porcelain section was 
evacuated and was practically unaffected by 


increasing the air pressure outside the section. 
Apparently charges on the inner surface of the 
porcelain caused irregular gradients on the ex- 
ternal surface and consequent flash-over. This 
external sparking was later eliminated by wrap- 
ping a fine mesh brass gauze around the metal 
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disk at each end of the porcelain cylinder. The 
explanation of this behavior is probably as 
follows: points on the fine mesh gauze cause a 
small corona current through the air close to the 
surface of the porcelain which prevents the 
development of high potential gradients. Further 
tests showed that the gauze could be replaced by 
three needle points spaced evenly around the 
metal disk at the end of each porcelain cylinder. 
The accelerating tube was therefore equipped 
with a corona system as shown in Fig. 4 and 
Fig. 5 which serves two separate purposes. First, 
it gives a uniform potential drop from section to 
section along the entire length of the tube; and 
second, the corona current along the surface of 
each porcelain cylinder prevents the development 
of high gradients on the surface and thus prevents 
By a simple system of automatic 
the tube is 
electrically to 
intervals of 15 inches. Over the period of a few 


sparking. 
accelerating connected 


the surrounding hoop system at 


contacts, 


months during which the generator has been in 
operation, the accelerating tube has performed 
satisfactorily at all generator potentials. 


PRODUCTION, FOCUSING AND MAGNETIC ANALY- 
sis OF PosITIVE IONS 


Power for the ion source is provided by a 
500-watt, 125-volt, generator 
driven from the inner pulley of the lower charging 
belt. By means of an RCA 866 rectifier tube and 
an 83 rectifier tube with the necessary trans- 
formers and condensers, d.c. potentials are sup- 
plied at 3000 volts and at 200 volts to run an ion 
source similar to that used by Tuve, Hafstad and 
Dahl. The rectifier tubes have operated without 
trouble with the air pressure in the tank up to 
100 Ib. and electric light bulbs of the ordinary 
type have also withstood the pressure satis- 


self-excited a.c. 


factorily except for one or two failures. 
Focusing is accomplished by an adjustable 
corona gap across the first section of the ac- 
celerating tube. With the accelerating cylinders 
as shown in Fig. 4, no satisfactory focus could be 
obtained and the fluorescent spots formed by the 
ions on a quartz plate at the end of the magnetic 
analyzer were poorly defined. As these ac- 
celerating cylinders have a length of 2} inches 
and an inside diameter of about 2} inches, it 
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seemed probable that cylinders having a smaller 
inside diameter compared to their length would 
give better results. The first six accelerating 
cylinders at the high potential end of the tube 
were therefore made with the same length of 2} 
inches but were reduced to a diameter of one 
inch. After making this change, the ion beam has 
been well focused and, generally, by adjusting 
the corona gap across the first section of the tube, 
the fluorescent spots formed by the ions at the 
end of the magnetic analyzer can be brought 
down to a diameter of about 3 mm. In the brass 
box M of Fig. 2, the ion beam is separated into 
its mass spectrum by means of an electromagnet, 
and the ions to be studied are shot into the 
target chamber. 

Hydrogen pressure in the ion source, filament 
heating current for the ion source, and the 
corona gap for ion focusing can all be adjusted 
from outside the tank by controls working 
through packing glands. A window in the wall of 
the tank and a mirror properly placed inside the 
tank enable operators to read meters inside the 
high potential electrode. The pumping system 
for evacuation of the accelerating tube consists of 
three brass diffusion pumps using Apiezon oil, 
and a Cenco Hypervac. The diffusion pumps are 
of the same type as those used for the high 
voltage work at the Department of Terrestrial 
Magnetism of the Carnegie Institute of Washing- 
ton and were made up from drawings generously 
furnished by Dr. M. A. Tuve. 


MEASUREMENT OF VOLTAGE 


Voltage is measured by means of a generating 
voltmeter mounted on the side of the tank with 
the sectored spinning disk flush with the wall, in 
an opening just opposite the high potential 
electrode. The alternating current generated by 
the spinning disk is rectified by means of a 
commutator and measured with a Leeds and 
Northrup galvanometer, sensitivity 2.99 10~-"” 
amp./mm. A calibration of this voltmeter was 
made in the following way. With the small 
electrostatic generator which had been carefully 
calibrated by a method recently described in 
The Physical Review,’ a series of runs were taken 





?R. G. Herb, D. B. Parkinson and D. W. Kerst, Phys. 
Rev. 48, 118 (1935). 


on the gamma-rays emitted by lithium bom- 
barded by protons. Using two thick targets of 
pure evaporated lithium and two thin targets, 
nine separate runs were taken giving values for 
the peak of the gamma-ray resonance varying 
from 433 kv to 450 kv with an average at about 
440 kv. This value of the resonance voltage 
agrees with the results of Hafstad, Heydenburg 
and Tuve, recently reported.‘ With the large 
generator, four runs were then taken on the 
gamma-rays from lithium bombarded by protons 
using both thick and thin targets, and by 
assuming that the average value thus determined 
for the resonance peak was at a potential of 
440 kv, the sensitivity of the generating volt- 
meter was determined. 

The generating voltmeter was shown to have a 
linear scale by a study of the deflections of the 
proton beam and the hydrogen diatomic ion 
beam in the magnetic analyzer. With the voltage 
at V,, the magnetic field was adjusted to bring 
the proton beam through a ;-inch hole into the 
target chamber where it impinged on a glass 
plate and formed a fluorescent spot. Then, with 
the magnetic field held constant, the voltage was 
lowered until the diatomic ions entered the 
target chamber. If V2 is this second voltage, its 
value, provided the voltmeter is linear, should 
be given by V2= V,/2. By choosing a number of 
values for |’;, the voltmeter was shown to be 
linear to within about 5 percent over the entire 
voltage range of the generator. A more accurate 
check was not possible because the spots formed 
by the ion beams at the time these tests were 
made were at some voltages larger than the ;4- 
inch defining hole at the entrance to the target 
chamber. 


ADDITIONAL APPARATUS 


Compressor 

Air is delivered to the tank up to the required 
pressure by a Quincy compressor, air-cooled, 
with a capacity of about 20 cubic feet per 
minute. For drying ingoing air, a steel cylinder 
filled with sodium hydroxide sticks is connected 
into the pipe line. 


*L. R. Hafstad, N. P. Heydenburg and M. A. Tuve, 
Phys. Rev. 49, 866 (1936). 
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Cooling System 

An air blast from a vacuum cleaner blower 
provides cooling for the ion source. The blower is 
mounted on grounded angle iron supports near 
the motors which drive the charging belts, and 
the textolite tube 7, Fig. 2, serves as a pipe line 
to deliver air to the ion source. 


Upper VOLTAGE Limit OF GENERATOR 


With the tank at atmospheric pressure, the 
highest usable generator voltage is generally 
about 500 kv although the peak voltage is not 
sharply defined and often the generator can be 
held above 600 kv for short periods of time. As 
the air pressure is increased, the upper voltage 
limit becomes even less sharply defined than at 
low pressures so that a study of peak voltages as 
a function of pressure is not very satisfactory. 
Experience over a period of a few months, during 
data have been taken on 


which considerable 


proton induced reactions, definitely shows that 
the maximum usable potential of the generator 
does not increase linearly with air pressure. For a 
short period of time, the generator has been held 
at 2500 kv but up to the present time the 
highest potential at which reliable data have been 
obtained is 2160 kv. This maximum usable 
potential could probably be increased somewhat 
by a careful overhauling and a thorough cleaning 


> 


of the apparatus.‘ 

During the first high voltage trials with the 
tank at high pressure, the potential was limited 
to about 1.7 MV by sparking along the textolite 
tubes S, Fig. 2. The sparking distance along these 
tubes is about 7 feet whereas the radial distance 


5 Some increase in the potential of an electrostatic gen- 
erator can be obtained by the addition of CCl, vapor to 
the air. This effect was noticed by one of us (R. G. H.) 
three years ago while working with the small electrostatic 
generator and was then studied in considerable detail. A 
saturated vapor pressure of CCl, in air at atmospheric 
pressure was found to give a breakdown potential of about 
1.7 times the breakdown potential of ordinary air. These 
results with air at atmospheric pressure were verified later 
by two different observers using an apparatus consisting 
of an adjustable sphere gap in a small pressure tank. 
A thorough investigation was then made using CCl, vapor 
in air at several different pressures up to a maximum of 
75 lb. Publication was delayed because it was intended 
to look for similar effects caused by other vapors but 
details of the work will be published soon. In a recent issue 
of Compte rendus 202, 291 (1936), Joliot, Feldenkrais and 
Lazard report the discovery of this effect. They find that 
an electrostatic generator operated in air containing a 
high vapor pressure of CCl gives a maximum potential 
twice as high as when operated in ordinary air. 
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from the high potential electrode to the wall of 
the tank is only 18 inches. Sparking such as this, 
along the surface of insulators, has also been 
experienced in the small generator and in all cases 
an increase of air pressure gave no improvement 
in the sparking potential. This behavior indicates 
that on long insulators irregular surface charges 
accumulate which may give a sufficiently high 
gradient at some point to initiate a discharge. 
The surface discharges along the textolite tubes, 
S, were eliminated by a corona system similar to 
that used on the accelerating tube to prevent 
accumulation of charges. Strips of fine brass 
gauze about } inch wide were wrapped around 
the tubes at intervals of 23 inches, and at 
intervals of 15 inches, the gauze systems were 
connected to the surrounding hoops. Although 
these gauze systems draw very little current 
(probably less than 5 microamperes), they have 
successfully eliminated surface sparking. 

Trouble has also been caused by surface 
sparking down the charging belts when large 
charging currents are being used at high po- 
tentials, but these can be avoided by keeping the 
charging current below about 200 microamperes 
when working at high generator potentials. As 
this current limitation is not serious for work 
with positive ions, no effort has been made to 
increase the usable charging current, but to adapt 
a generator of this type to high voltage x-ray 
production for which currents of several milli- 
amperes are needed, further development work 
would be necessary. 

After eliminating the surface sparking along 
the belts and the textolite supports, the upper 
voltage limit was determined by radial sparking 
between the high potential electrode and the wall 
of the tank with the sparks generally occurring 


at the ends of the electrode. 


VOLTAGE CONTROL 


Charge is put on the belts by a kenotron 
rectifier set and thus, by varying the resistance in 
the primary of the kenotron transformer, the 
generator voltage can be changed. When taking a 
run during which a steady generator potential is 
desired at some particular value, changes will 
occasionally occur so that the kenotron voltage 
must be varied to bring the electrostatic generator 





ELECTROSTATIC GENER 
back to the desired potential. Recently a control 
has been devised utilizing corona current from 
the high potential electrode and an amplifying 
system for automatically varying the kenotron 
voltage to keep the electrostatic generator at a 
constant potential. Generally during a run, the 
automatic control keeps the voltage of the 
generator constant to within about 1 percent and 
often to 0.5 percent. As improvements are still 
being made in the amplifying circuit, a complete 
description of the apparatus will be postponed 
until a later time. 

High frequency fluctuations of the generator 
voltage cannot be detected with the generating 
voltmeter because of the long period of the 
galvanometer used. A study of high frequency 
fluctuations was therefore made utilizing corona 
current to a needle sticking through a hole in the 
wall of the tank. The only periodic voltage 
fluctuation detected had a magnitude of about 
0.5 percent and as its frequency was the same as 
that of the charging belts, it was probably caused 
by the splice in the belts. 


DISCUSSION 


As the success of the electrostatic generator 
described in this paper, both for development of 
high potential and for utilization of that high 
potential, depends to a large extent on the 
arrangement of the inner electrode system, a brief 
discussion will be given of the advantages of this 
electrode design. The hoop system gives a uni- 
form, axial field along the accelerating tube and 
along the belts. The distance provided for the 
tube and the belts is great compared with the 
radial distance from the high potential electrode 
to the wall of the tank and therefore when the 
generator is at its maximum potential, the field 
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inside the hoop system is far below the break- 
down value. Metal castings and wires inside the 
hoop system cause no trouble if kept approxi- 
mately parallel to the plane of the hoops and the 
accelerating tube with its metal electrodes and its 
corona system is operating under ideal conditions. 
As the high potential electrode (Z, Fig. 2) may 
be left open at both ends, the space available for 
charging belts and the tube 
limited only by the diameter of the cylinder. 


accelerating is 

A similar system could be used for an elec- 
trostatic generator in a large room at atmospheric 
pressure or in an upright pressure tank. Instead 
of the usual sphere mounted on insulating sup- 
ports, a cylindrical column of hoops could be 
used, capped by a hemisphere. Ample room 
would then be available inside the hoop system 
for supports, belts and accelerating tubes. 

From a consideration of the performance of the 
two generators developed at this laboratory it 
would seem that to obtain a further increase in 
potential an increase in the dimensions of the 
apparatus would be the safest way to proceed. 
Higher pressures might also give considerable 
improvement but the nonlinear increase of usable 
potential with pressure up to a pressure of 100 Ib. 
makes the effectiveness of still higher pressure 
difficult to predict. 
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CCORDING to the theory of 8 decay put 

forward by Fermi! a nucleus of charge Z 
can, provided the process is_ energetically 
possible, be transformed into a nucleus of charge 
Z—1 in two different ways: by the emission of a 
positron or by the absorption of an orbital elec- 
tron. In a paper to appear shortly.? I have 
calculated the probability of the latter process 
and have found that for heavy elements the cap- 
ture of a K electron is in most cases much more 
probable than the emission of a positron. The 
total probability per second for the emission of a 
positron is in the case of ‘‘allowed”’ transitions 
given by 
4(2p)*Smc* 


\t=|M|°G%F(Z, Wo),  K 


r(3+2S)%h 
S=(1—(Za)?)i-—1. (1) 


Here a(=1/137) is the fine structure constant, 
p is the radius of the nucleus divided by h/mc, 
m is the mass of the electron and W) is the 
energy difference between the initial nucleus of 
charge Z and the final nucleus of charge Z—1, 
mc? being taken as unit energy. F(Z, Wo) is a 
function of Z and Wo, whose form depends on 
what assumption is made about the interaction 
between heavy and light particles. If we take the 
(0,0) interaction proposed in Fermi’s original 
paper and put Z= 82.2 we get for different values 
of W) the F values given in the second column of 
Table I. The corresponding F values for the case 
of the (0, 1) interaction proposed by Konopinski 
and Uhlenbeck® are given in the fourth column. 
G in (1) is a dimensionless constant related to 
the universal constant g in Fermi’s theory. To 
account for the decay periods found experi- 
mentally of the ordinary §-ray emitters we 
must put 


G=1.1X10-" in the case of (0,0) interactions, 
(2) 


G=0.1X10-* in the case of (0,1) interactions. 


1E. Fermi, Zeits. f. Physik 88, 161 (1934). 

? Physik. Zeits. Sowjetunion. 

3E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 48, 
7 (1935). 


Min (1) is the matrix element of the Fermi 
theory, a quantity which by definition cannot be 
larger than unity. The experimental data on the 
decay constants and on the upper limits of the 
ordinary $-ray spectra show that the matrix 
elements |.1/| for heavy nuclei are in general 
several times smaller than the matrix elements 
of the light elements. 

For the probability per second of a K electron 
being absorbed by the nucleus we found the 
expression 


Ack= (VW PG** F(Z, Wo) (3) 


for ‘‘allowed”’ transitions, where Fx in the case 
of (0, 0) interactions is given by 
Fx =7T(3+2S)(Za)***8(Wo+1)?. 


For (0,1) interaction the factor (Wo+1)? is re- 
placed by (Wo+1)*. The values of Fx for 
Z=82.2 and for the two kinds of interactions 
are given in the third and fifth columns of 
Table I. It can be seen that Fx is certainly 
considerably larger than F so that the probability 
of the capture of a K electron is much larger 
than the probability of the emission of a positron. 

This result seems to be essential for the inter- 
pretation of the experiments of Cork and 
Lawrence who bombarded platinum with deute- 
rons and found that among other things a 
radioactive substance was found which emitted 
positrons. They assumed that ;sPt'® is trans- 


TABLE I. Values of F (Z, Wo) and of Fx (Z, Wo). 
0, 0) INTERACTION 0, 1) INTERACTION 
i F(Z =82.2 I F(Z =82.2 I 
0 0 1.2 0 1.19 
1 0 4.8 0 19.0 
1.40 <6x10™4 6.8 <10 39.4 
2.29 0.02 12.9 0.008 139.3 
3.20 0.25 21.0 0.38 369.9 
4.11 1.2 31.0 3.8 810.6 
5.03 3.9 43.2 20.7 1572 
7.09 26.5 77.8 318.2 5092 


‘J. M. Cork and E. O. Lawrence, Phys. Rev. 49, 788 
(1936). 
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formed by the bombardment into ;;Pt'™, which 
can emit a positron and go over to ;;Ir'®. The 
upper limit of the positron spectrum lies in the 
neighborhood of 2.1 MV, which corresponds to 
W,=5.1. The decay period is 49 min. correspond- 
ing to a decay constant \=3.4X10~ sec.~. 

For Z=78 and Wy=5.1 we get the following 
values for F and Fx (in the neighborhood of 
Z=82.2 Fx 
while F is practically constant) 


20.2 


varies approximately as Z*°*°* 


37.8 


1440 


F= 4.2, F, for (0, 0) interaction 


F=30.8, F; for (0, 1) interaction. 


Il 


From (1) we get, using (2) 


=2.610-*|.W\?, (0,0) interaction, 


x" 
A+=3.110-5! W/?, (0, 1) interaction. 


Even if we give |1/? its maximum value of 
unity these values are smaller than the experi- 
decay \=3.4X10-, 


shows that there must exist some other process, 


mental constant which 
in addition to the positron emission, whereby 
7sPt!™ can be transformed into ;7Ir'. If we take 
into account the possibility of a K electron 
being captured, we have \=A*++Ax. Using (1), 
(2) and (3) we get for the two different types of 
interaction 
[26.2 x 10-4| M1 |? 
A=AtT+Axc= 

14.810] M2 
which can be brought into agreement with the 
experimental value by choosing a suitable value 
for |M\*. This gives |.|?~} which is of the 
same order of magnitude as has been found for 
the matrix elements of other heavy elements. 


ORBITAI 


5B. Fuchs 
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While AT+AxX is 
about the same for both types of interaction, 
the ratio /AtT=FxR/F the 
bilities of the two processes depends very much 


the total decay constant 


between proba- 
on the assumption made about the interaction. 


As can be seen from (4) we have 


Ax Fr \? for (0, 0) interaction, 


rt F (47 for (0, 1) interaction. 
From a theoretical point of view it would there- 
fore be of great value if this ratio could be de- 
termined experimentally. Since the capture of 
a K electron will always be followed by the 
emission of a quantum belonging to the charac- 
teristic x-ray spectrum of the element formed by 
the process, the ratio \x,/A* is equal to the ratio 
between the number of x-rays and the number of 
positrons emitted in a given time interval. 
Finally in using the output of positrons after 
saturation has been obtained, to calculate the 
cross section for the formation of ;sPt'™® by the 
bombardment of ;,sPt'®? with deuterons, we must 
take into account the fact that the number of 
active nuclei formed per second is (F+Fx)/F 
times the number of positrons emitted per sec- 
ond. Allowing for the abundance of ;sPt'® in 
platinum being smaller than 3 percent® we find 
from the data on the output of positrons given 
in the paper of Cork and Lawrence that this 
cm? 


cross section is of the order of at least 10-* 
on the assumption of (0, 0) interaction. On the 
(0, 1) interaction assumption this cross section 
is even larger, being in fact of the order of 
7X10-** cm? at the lowest. 


und H. Kopfermann, Naturwiss. 23, 372 


(1935). 





1937 


JANUARY 15, 


PHYSICAL 





VOLUME 51 


REVIEW 


A Study of Kinetic Energies of Atomic Ions Formed by Electron Impact in Nitric 
Oxide and Hydrogen Chloride 


E_mo E. HANSON 


Department of Physics, University of Minnesota, Minneapolis, Minnesota 


Received June 6, 1936 


A study was made of the kinetic energy of the atomic ions formed by electron impact in 
NO and HCl. Their energy distribution was measured as a function of the electron energies 


at impact, and their ionization potentials were determined. The most probable values of 


the heats of dissociation of the molecules and of the molecular ions were calculated. Negative 


ions possessing up to 2 


2.5 volts kinetic energy were observed in NO, and the electron affinity of 


oxygen was calculated. Negative ions found in HCl had less than 0.5 volt energy. The 


following is a summary of the results and the probable processes: 


PROBABLE PROCESS 
NOt—N*+O0('D, 
NOt—N+0* 
NO—N+0 


0 to 6 VOLTS 


NO+e—N+07 1 to 2.5 
HCl*—H*+Cl(?P) 0 to 10 
HCl*+C@ll)—H+ Cl* 

HCl*}—Ht+Cl 2to6 


HCIl—H + Cl 


HCl+e—~H+Cl- Less THAN 0.5 


INTRODUCTION 


T was predicted by the quantum mechanics!“ 


that in hydrogen positive ions which would 
have kinetic energies much greater than the 
normal thermal energies could be formed by 
dissociation following electron impact. This was 
experimentally verified by Bleakney and Tate®: ° 
and later by Lozier,’ who made a detailed study 
of the phenomenon. 

Tate and Lozier,* and Lozier’-" have shown 
that such ions are also formed in all the molecular 
gases which they studied. Besides hydrogen the 
gases which have been studied are Ne, CO and 
Oe. Furthermore, it was shown that when nega- 
tive ions are formed as dissociation products, 
they also might have several volts energy. 

The formation of high energy ions is inter- 
preted as arising from a transition to an unstable 


1 Heitler and London, Zeits. f. Physik 44, 455 (1927). 
? Burrau, Kgl. Dansk. Selsk. Math. Fys. 7, 14 (1927). 
> Morse and Stuekelberg, Phys. Rev. 33, 932 (1929). 
* Condon, Phys. Rev. 35, 658 (1930). 

5 Bleakney and Tate, Phys. Rev. 35, 658 (1930). 

* Bleakney, Phys. Rev. 35, 1180 (1930). 

7 Lozier, Phys. Rev. 36, 1285 (1930). 

’ Tate and Lozier, Phys. Rev. 39, 254 (1932). 

® Lozier, Phys. Rev. 43, 776 (1933). 

10 Lozier, Phys. Rev. 44, 575 (1933). 

 Lozier, Phys. Rev. 46, 268 (1934). 


KINETIC ENERGY OF IONS 


HEAT OF DISSOCIATION 


9.3+0.2 VOLTS 
5.3+0.2 


ELECTRON AFFINITY OF O=2.1+0.5 


4.8+0.2 

EXCITATION ENERGY OF Cl—11.6 
4.7+0.2 

ELECTRON AFFINITY OF CI1<4.0 


electronic state of the molecule. When this 
occurs, dissociation takes place, and the molecu- 
lar components fly apart with velocities de- 
termined by: (1) the energy absorbed by the 
normal molecule, (2) the final the 
dissociation products and (3) the masses of 


the products. Thus in the process, AB*—-A*+B, 


states of 


S 


the kinetic energy of the ion, A*, is 
Ve=Mep/(Mat+Me)[Vi-(U2—-—Ui)]. (1) 


M, and Mz, are the masses of the component 
atoms A and B, respectively, |’; is the energy 
absorbed by the normal molecule in its transition 
to the unstable state (ie., the “ionization 
potential”), and (U.,—U,) is the difference in 
potential energy between the final and the initial 
states of the molecule. Since the above formula 
was derived simply from considerations of the 
conservation of energy and of momentum it is, 
therefore, also applicable to the case of negative 
ions. 

The heat of dissociation of the normal molecule 
and of the molecular ion may be calculated® if 
(U,.—U,) is determined from measurements of 
Vr and JV, and if the masses and the excitation 
energy of the products are known. The heat of 
dissociation of the normal molecule is given by 
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Fic. 1. The experimental tube. The filament chamber A is formed by closing the Pyrex tube with a snugly 
fitting spun copper cup. A 0.5 mm diameter hole in the center of this cup allows electrons to pass and be accel 
erated to the desired energy by controlled potentials placed between the disks C, D and F£. After passing down 
the axis of the tube (in the direction of a collimating magnetic field H) these electrons are collected in the 
trap LM. The cylindrical wire gauze F is connected to E to give a field free region of ionization. The disks G 
allow only those ions to pass whose velocity is 98 percent perpendicular to the electron beam. The ions which 
qualify in direction of travel and which have sufficient energy to penetrate the differences of potential which 
may be placed between the elements F, G and Z are collected on the cylinder J. J is a guard ring, while K is an 


electrical shield. 


the formula, 
D(AB) =(U2—U,)—-I,-E, 


where J, is the ionization potential of atom A 
(assuming that A comes off charged) and E is the 
total excitation energy of the products. The heat 
of dissociation of the normal molecular ion, A B*, 


is given by 
D(A B*) =(U2—U;)—In-E, (2) 


where J, is the ionization potential of the 
molecular ion. Similarly, if negative ions having 
large kinetic energies are formed in the gas, the 
electron affinity of the atom may be calculated. 


Thus, if B~ ions having kinetic energy are 
formed, the electron affinity of B is 
E(B) = D(AB) —(U2—U;,) -E. (3) 


Thus, aside from showing the presence of 
unstable electronic levels in the ionized molecule, 
a study of the formation of high velocity ions by 
electron impact is valuable in that it gives values 
for heats of dissociation and electron affinities. 


APPARATUS 


The experimental tube, a modification of Tate 
and Lozier’s apparatus,*® was built entirely from 
copper, tungsten and Pyrex. Because NO and 
HCl are easily dissociated by a hot tungsten 
filament, it was necessary to employ differential 
pumping to maintain as low a pressure as 
possible around the filament while the pressure in 
the remainder of the tube was high enough to 


allow accurate measurements to be made. The 
leads a and 6 (Fig. 1) go to the same set of pumps; 
a difference in the rates of effusion through the 
two leads is effected by the difference in their 
diameters. A mercury cut-off in series with 0 
can be used to lower its effusion rate still more. 

In all cases the apparatus was baked out first 
in a quartz furnace at 800°C under a vacuum, 
and later in the Pyrex tube for thirty hours at 
360°C. 

The flow method was used to admit the gas to 
the apparatus, the pumps being run continuously 
while the gas leaked in through a capillary tube. 
The pressure behind the capillary was adjusted to 
give a working pressure in the experimental tube 
of about 5X10-* mm of Hg. 

The nitric oxide was prepared by the action of 
nitric acid on electrolytic copper and purified by 
being passed through water and over potassium 
hydroxide and by being fractionally distilled. A 
mass-spectrograph analysis by Dr. A. L. Vaughan 
showed the only measurable impurity was N,2O in 
concentration less than one percent. 

The sample of hydrogen chloride was prepared 
by the action of HeSO, on NaCl. It was dried 
over P2O;, and fractionally distilled in the usual 
manner. A mass-spectrograph analysis run in 
Mr. A. O. Nier showed no 
measurable impurities. 
tube electrometer” was used 


collaboration with 


A vacuum to 
measure the ion currents. When used with an 
input resistor of 2.3X10'® ohms, the maximum 


12 Distad and Williams, Rev. Sci. Inst. 5, 289 (1934). 
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Fic. 2. Distribution in kinetic energy of molecular ions. 
current sensitivity available was 3.3X10~'® 
amp./mm with random fluctuations of less than 
2 mm. 

METHOD 


Two types of data were obtained: (1) the 
minimum electron energy V; necessary to form 
an ion having a kinetic energy Vr, and (2) the 
kinetic energy distribution of ions for various 
electron energies. 

The velocity distribution of the ions was 
found by the retarding potential method. The 
ions, in traversing the region from gauze to 
defining disks to collector, lost or gained an 
energy equal to the algebraic sum of the voltages 
applied between these elements. It was custom- 
ary in the work on positive ions to apply a 
drawing out potential of 3 volts in the gauze-grid 
region, while this potential plus the retarding 
potential was applied in the opposite direction 
in the grid-collector region. With the electron 
energy fixed at some value V,, the retarding 
potential Ve was changed in steps of AVpz and 
the corresponding change in positive ion current 
AlI*+ was measured. AJ* was, then, proportional 
to the number of ions having energies between 
Ve—AVer/2 and Vet+AVe/2. A plot of Al* vs. 
Ve gives the kinetic energy distribution of the 
ions. In practice AVr was 0.4 volt for NO and 
0.2 volt for HCl. To make it possible to utilize 
a high sensitivity in the amplifier, the potential 
drop across the input resistor was balanced by a 
potentiometer between the input grid and the 
positive end of the resistor. The sensitivity 
utilized in the amplifier was then 10-“ amp. /mm. 





HANSON 


When a retarding potential V will just pre- 
vent an ion from reaching the collector, the ion 
must have started from the electron beam with a 
kinetic energy equal to Vz unless there were other 
fields present or if there were a magnetic field 
present to curve the path of the ions. Since a 
magnetic field of 158 oersteds parallel to the 
tube axis was used, the ions must have started 
with an energy (3000%e/7*)/(8mC?) volts’ greater 
than the retarding potential. To measure the 
contact potentials and the space charge that 
might exist in the tube, use was made of the fact 
that the most abundant ions, the molecular ions, 
have only thermal velocities of a few hundredths 
of a volt. Velocity distribution curves of these 
ions are given in Fig. 2. Their maxima should 
within experimental error appear at Ve=0 volts; 
their measured position gives the value of the 
inherent potentials in the tube and therefore the 
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Distribution in kinetic energy of positive ions 
formed in NO at various electron energies. 
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corrections to be applied to Vr. Space charge in 
the tube appeared to be negligible since the 
position of the maxima in Fig. 2 did not vary 
with pressure or electron current. 

To measure the minimum electron energies 1’; 
necessary to produce ions having kinetic energies 
Vr the following method was used: With the 
retarding potential set to give the desired Ip, the 
energy V,, of the electrons was varied and the ion 
currents were recorded. An upward break in the 
curve thus obtained gave the onset potential of 
the ion having the kinetic energy Vr. The voltage 
scale for the electrons was calibrated from the 
observed onset potential of the molecular ion and 
from the known ionization potential of the 
molecule. (Drawing-out potentials in the gauze- 
grid-collector regions served to sweep the molecu- 
lar ions into the collector.) For the work on NO, 
Tate and Smith's value" of 9.5 volts was used for 
the ionization potential ; for the work on HCl the 
ionization potential used was 12.9 volts from the 
work of A. O. Nier and the author." 

Negative ions were studied in much the same 
way as the positive ions. In addition the relative 
efficiency of formation of the total number of 
negative ions was measured as a function of the 
electron energy. 


RESULTS AND CONCLUSIONS 

Nitric oxide 

The distribution in kinetic energy of the 
positive ions is given in Fig. 3. The increments in 
ion current have been reduced to the same 
pressure and electron current. As one might 
expect, the ions of higher velocity become rela- 
tively more abundant as the incident electron 
energy is increased. We note that the curves have 
two maxima, a broad maximum at about 3 volts 
kinetic energy, and a very sharp peak at about 1 
volt. The sharp peak, which is present in all the 
curves above 30 volts electron energy, is probably 
due to ions formed by the dissociation of NO* 
(excited) from a flat repulsive potential energy 
curve. The ions in the broad peak must be due to 
a dissociation of NO* from a rather steep 
potential energy curve, there being a rise of about 
10 volts in the Frank-Condon region. 


13 Tate and Smith, Phys. Rev. 39, 270 (1932). 
14 Nier and Hanson, Phys. Rev. 48, 477 (1935). 
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Fic. 4. Ionization potentials of positive ions having kinetic 
energy in NO. 


In Fig. 4 we have a sample of the curves used to 
determine the onset potentials, V;, of ions having 
kinetic energies, Vr. The curve in the inset is for 
the onset of NO*, and it is used to calibrate the 
electron voltage scale. The mass-spectrograph 
studies of Hogness and Lunn," and of Tate, 
Smith and Vaughan'® have shown that both N* 
and O*+ are formed in NO. Vaughan" has also 
shown that the amount of O* formed was less 
than 5 percent of the N* formed. The upward 
breaks in the above curves were therefore 
assumed to be due to the onset of N* ions. This 
assumption gives good agreement with the ex- 
perimental value of the slope of the V; vs. Vr 
curve given in Fig. 5. From Eq. (1) we note that 
Vr is a linear function of V;. The experimental 
values of these quantities are plotted in Fig. 5 
and a straight line of the theoretical slope 16/30 
is drawn through the points. The closed circles 
are from data taken earlier on another sample of 
gas. The intercept gives (U:— U,;) =21.7 volts as 
the weighted mean. It is to be noted that 
Hogness and Lunn" and also Tate, Smith and 
Vaughan"® give 22.0 volts for the ionization 
potential of N*. One would expect the mass- 
spectrograph value to be higher inasmuch as the 
kinetic energy carried by the ions is not corrected 
for. To calculate the probable observational 
error, (U.— U;) was calculated for each of the 21 
observations and the probable error obtained 
from the method of least squares. The value so 


 Hogness and Lunn, Phys. Rev. 30, 26 (1927). 
16 Tate, Smith and Vaughan, Phys. Rev. 48, 525 (1935). 
17 Vaughan, Thesis, Univ. of Minn. (1934). 
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obtained was +0.03 volt; however, it was felt 
that a safer estimate for the probable systematic 
error would be +0.2 volt. 

If one assumes the process for forming these 
kinetic energy ions in NO to be NO*->N+t+-+0, 
the heat of dissociation of NO would be D(NO) 
=21.7—14.48=7.22 volts, where 14.48 volts is 
the spectroscopic value for the ionization poten- 
tial of atomic nitrogen. Kaplan,'* however, has 
shown from band spectra that D(NO) =6.1 volts. 
We must that one of the 
products is in an excited state. In Table I are 


therefore assume 
given the possible states of excitation'® of N* 
and O with the corresponding values of D(NO). 
The only reasonable values for D( NO) are those 
obtained from the combinations N*+(1D.) +O(*P,) 
and N+(*P))+O(CD.). From Lozier’s work! 4 
it appears that it is more probable for the 
uncharged dissociation product to be excited. 
Also if N* were excited, it would involve a double 
electron jump, which is perhaps unlikely.?° The 
difference between the two possible values of 
D(NO) is only 0.06 volt, which is well within 
our probable error. 

Using our value of 5.27 volts for D(NO), and 
the known value for D(QOz2) in the thermochemical 


equation, 


‘8 Kaplan, Phys. Rev. 37, 1410 (1931). 

19 Bacher and Goudsmit, Atomic Energy States (McGraw- 
Hill Book Company, 1932). 

20 Mulliken, Phys. Rev. 46, 144 (1934). 


ionization potentials of positiv e ions in NO. 


(1/2)D(N.)+(1/2)D(Oz) —0.94 = D(NO),”! 
we obtain for D(N2) the value 7.32 volts. The 
latest value given by Kaplan?®: ** from the band 
spectra is 7.4 volts, with which our value is in 
very good agreement. 

A limit may be sent on D(NO*). The mass- 
spectrographic work mentioned above!* '* showed 
that O*+ was formed about one volt lower than 
N*. For the process, NO*-—N+0O*, (U2—U)) 
should be less than the corresponding value for 
the process NO+->N*++0O by the difference in 
the ionization potentials of N and O, i.e., by 
14.48 —13.55=0.93 volt. Therefore, (U2—U;) 
for the first process above is 21.7 —1.95—0.93 
=18.82 volts, and D(NO*)=18.82—9.5=9.3 
volts, where 9.5 is the ionization potential of NO. 


I. Possible states of excitation of N* and O and the 


corresponding heats of dissociation. 


TABLI 


N* oO 
Term Val Term Val D(NO 
S lectron vol S electron volts electron volts 
Py, 0 IP o 0 7.22 ‘ 
3Po 0 1D» 1.95 5.27 
‘Po 0 1So 5.27 3.05 
1D, 1.89 3P, 0 5.33 
ID, 1.89 1D, 1.95 3.48 
1S 4.03 3P, 0 3.19 
21 Landolt Bornstein 2, 1495 (1923). 


* Kaplan, Phys. Rev. 45, 898 (1934). ] 
*3 Lozier, Phys. Rev. 46, 268 (1934). 





IONIZATION 


the ionization 


potential of NO since it was also used to calibrate 


This value is independent of 


the electron voltage scale. We can only set a 
limit D(NO*) the 
equilibrium distance, is not known. 


on since f, internuclear 


Negative ions in NO 

In Fig. 6 is given the relative efficiency of 
production of negative ions in NO. The shape of 
the curve and the position of the maxima agree 
in general with the curve given by Tate and 
Smith.'* These ions, which have been identified 
as O-,'® have an appreciable amount of kinetic 
energy. The ionization potentials of the kinetic 
energy ions are given in Fig. 7. The currents that 
were measured were very small, which accounts 
for the points not falling very well on a smooth 
curve. In Fig. 8 is given the straight line of the 
theoretical slope 14/30 obtained by plotting V,; 
vs. Ver. For values of Vr lower than 1.1 and 
greater than 2.1 volts, the points deviate con- 
sistently from a straight line. The intercept of 
the line gives U;— U,=3.2 volts, with a system- 
atic error estimated to be less than +0.5 volt. 
If the process is NO+e—N+0O-, the electron 
affinity of oxygen is E(O)=D(NO)-—3.2=2.1 
+0.5 volt. This is in good agreement with 
Lozier’s value" of 2.2 volts. It is not likely that 
the nitrogen atom comes off excited in the 
process since this would make the value of E(O) 
greater than 4.4 volts. This would mean that in 
Lozier’s experiment O~ would have to possess at 
least 2.2 volts excitation energy. The little that 
is known about excited states in negative ions 
seems to indicate that they are for the most part 
unstable." 
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FG. 7. lonization potentials of negative ions having kinetic 
energy in NO 

By an empirical method of extrapolation, 
Glockler™ has estimated the value of E(QO) to 
be 3.8 volts. To reconcile our value to this would 
require O~ to have 1.7 volts excitation energy, 
a value that seems high from the standpoint of 
stability. Glockler’s 


rather long, the discrepancy is not as serious as 


Since extrapolation was 


it might appear. 


HYDROGEN CHLORIDE 


In Fig. 9 are given the kinetic energy dis- 
tribution curves for positive ions in HCl. It is 
obvious that these ions are H* ions since from 
momentum and energy considerations neither 
HCl* nor Cl* could possess such velocities. That 
these ions were H* was confirmed by Nier and 
the author“ by using a mass spectrograph. The 
most prominent features of the curves in Fig. 8 
are the three sharp maxima that become evident 
above 40 volts electron energy. The sharpness of 
these peaks indicates that the repulsive potential 
energy curves which describe the dissociation 
process must be rather flat in the Franck-Condon 
region. The most likely process for the formation 
of the ions of the peaks is HCI**—>H*++Cl*('P). 
To form an H?* ion having 6 volts kinetic energy 
by this process would require 37 volts electron 


*4 Glockler, Phys. Rev. 46, 268 (1934). 





























92 ELMO E. 
4 pruidenaieiniansiemiapceaseninaciagaitnsat sammegpnemanmiaiatepnttansenins 
a , . 7 

= rf 
S; — a oe 
= 
°, | 
37— —— } mn 7 
% | 
ahh... + } 2 EE 4 
: 
0 1 L | l | | 
z 3 4 $ q 10 


- 7 
Minimum Necessary Electron Energy Wi) (Volts) 


Fic. 8. Kinetic energy vs. ionization potentials of negative 
ions in NO. 


energy, while if the Cl* were excited to the next 
energy level it would require 48.5 volts energy 
to form such an ion. To explain the triplet 
structure of the peaks we might assume that 
there exists for each J value of Cl*(*P) an un- 
stable potential energy curve. Since the separa- 
tion in energy of the three peaks is much greater 
than the corresponding differences in the triplet 
levels of Cl*(*P), the highest potential energy 
curve must be the steepest and the highest 
energy peak should be the broadest. It is of 
interest that this is true. Mulliken®® has ten- 
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formed in HCl. 


25 Mulliken, Rev. Mod. Phys. 4, 6 (1932). 
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tatively constructed such triplet repulsive poten- 
tial energy curves for the process HCI*—H 
+Cl*(*P). The above data are evidence in 
favor of the existence of such states for the 
doubly charged molecular ion. 

In Fig. 10 are given samples of the ionization 
potential curves for kinetic energy ions. In the 
inset is given the corresponding curve for the 
onset of HCI*; it is used as a calibration curve 
for the electron voltage scale. The readings for 
these curves were staggered, the open circles 
being for one sequence of readings, while the 
closed circles are for another sequence. The 
negative slope of the base lines of these curves 
was probably due to negative ions from a small 
amount of NO which existed as an impurity in 
the tube. These small negative currents did not 
interfere with the measurement of the positions 
of the breaks in the ionization curves. 

For the Vr vs. V; graph of Fig. 11 the mean 
straight line was drawn with the theoretical 
slope 35/36. The intercept gives for U,—U, the 
value 18.35 volts. The appearance potential of 
H* ions in the mass-spectrograph™ study was 
18.6+0.3 volts; this is higher as one would 
expect if all the H* ions carried some kinetic 
energy. From a calculation on the deviation of 
U,.—U, from its mean for each individual ob- 
servation on the basis of least squares the prob- 
able observational error is 0.002 volt; we feel 
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Fic. 11. Kinetic energies vs. ionization potentials of positive 


ions in HCl, 


certain that the systematic error must be less 
than 0.2 volt. 

Assuming that the process for the formation of 
these ions is HCI*+—H++Cl(?P%)2), we get for 
D(HCl) the value 18.35 —13.54=4.8+0.2 volts, 
which is 0.4 volt higher than the rather reliable 
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chemical value.** The only other possible process 
would be HCI*—-H*++Cl(?P°,)2 
this process, D(HCl) = 4.7+0.2 volts, which still 


if we assume 


does not agree within the probable error with 
the chemical value of 4.42 volts. The explanation 
for this may be that the ionization potential of 
HCl, upon which our value for U,— U, depends, 
is actually lower than the value used. It should 
be pointed out that the values for the ionization 
potential of HCI given previous?’ ** to the work 
of Nier and Hanson™ would give for D(HC1) a 
value 0.9 volt still higher. 

The heat of dissociation of HCI* may be cal- 
culated. Two stable states for HCl* have been 
observed from band spectra,”*: *° a *II and a *3* 
state. The *=*+ state when dissociated gives 
H*++Cl; the *II state is made up of H+Cl*. 
Therefore, the horizontal asymptote of the ?II 
potential energy curve must lie below the 


26Landolt Bornstein 2, 1489 (1923); Frank, Trans. 
Faraday Soc. 21, 536 (1926). 

27 Knipping, Zeits. f. Physik 7, 328 (1921). 

28 McKaye, Phys. Rev. 24, 319 (1925). 

2° Brice and Jenkins, Nature 123, 944 (1929). 

3° Kulp, Zeits. f. Physik 67, 7 (1931). 
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asymptote of the *=*+ curve by the difference in 
the ionization potentials of atomic hydrogen 
and atomic chlorine, i.e., by 0.58 volt. Sub- 
tracting the ionization potential of HCI from 
U.— U,;—0.58 we get D(HCI* 211) =4.76 volts. 
This value is independent of the ionization 
potential of HCl since that quantity is 


tained in U.— U, as an additive constant. Since 


con- 


r, is nearly the same for HCI*(*I1) as it is for 
HCl,*° we can do more than set a limit on 
D(HCI* I). 

When the curves for the determination of the 
ionization potentials of high velocity H* ions 
were continued to higher electron energies, a 
second break was found in the curves. In Fig. 12 
are given a few such curves. In Table II is given 
a summary of the results and the calculated 
values of U.— U, for the process. Within experi- 
mental error U,.—U, is constant and equal to 
29.5 volts in the region Vr=3.0 to 6.1 volts. 
-H*++Cl 
(excited), where the excitation energy of Cl is 
11.6 volts. We note that there are several energy 
levels in Cl near this value, notably the so called 
4° level at 11.6 volts.'® The excitation energy is 


»~H*+Cl*. 


This indicates that the process is HCI* 


too low to give the process HCI** 


Negative ions in HCl 


Negative ions, which have been identified as 


TABLE II. The second ionization potentials of positive tons 
with kinetic energy in HCl. 
Ve V ; (corrected) l U1 =V; —36/35V 5 
2.0 volts 30.3 volts 28.2 volts 
3.0 32.5 29.4 
4.1 33.6 29.4 
4.9 34.5 29.45 
5.6 35.4 29.6 
6.1 35.9 29.6 
7.1 38.1 30.8 
8.2 38.8 30.3 
9.5 40.8 31.3 
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Fic. 13. Total negative ion current per unit electron cur- 
rent in HCl. 


Cl-,™: *! were observed. The kinetic energy of 
these ions was definitely less than 0.5 volt. 

In Fig. 13 is given the relative efficiency of 
production of these ions. The curve exhibits the 
characteristic sharp peak usually observed for 
negative ions. Because the electron and the ion 
currents became very small in the region near 
an electron energy of zero, it was not possible to 
determine whether the relative efficiency became 
zero for V,>0. When we extrapolate the sym- 
metrical portion of the curve to zero efficiency, 
we get 0.4 volt for the onset potential. This 
makes the electron affinity of Cl equal to or 
greater than D(HC1) —0.4=4.0 volts. In view of 
our long extrapolation, the agreement with the 
value 3.7 volts cited by Glockler* is good. 

The author wishes to express his gratitude to 
Professor John T. Tate, under whose direction 
the work was performed. 


%t Aston, Isotopes (Longmans Green & Co., 1924), p. 65 
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On the Structure of the Nuclei Between Helium and Oxygen 
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In order to test the present assumptions on nuclear 
forces, the theory is applied to the nuclei in which the 
first p shell of protons and neutrons is being built up, i.e., 
to the nuclei with masses between 5 and 16. The Hartree- 
Fock approximation is used for the numerical calculations, 
but the more qualitative results are independent to a large 
degree of the approximations used. The angular momenta 
of the ground states appear to be given correctly by the 
theory. Although the wave functions used do not corre- 
spond to preformed alpha-particles, the first-order energies 
exhibit a marked four-shell structure. The experimental 


I. INTRODUCTION 


T is generally accepted now that the explana- 
tion of the binding energies and scattering 
properties of the nuclei m, H', H’, H*, He’*, Het 
requires several kinds of forces.' The forces 
which are generally assumed at present between 
a proton and a neutron (“‘between unlike parti- 
cles’) are: (1) a “‘Majorana force” involving an 
exchange P of the Cartesian coordinates of 
the two particles and (2) a ‘Heisenberg force” 
involving the product of a Cartesian coordinate 
exchange P and a spin coordinate exchange Q. 
The Heisenberg force has about } the depth of 
the Majorana force and the same range of action. 
For all present calculations the exact dependence 
of the potential on distance seems to be relatively 
unimportant and we shall use, for the sake of 
convenience, the usual 


(1—g)A,,e~"!/""P=(1—g)A,,e-*"P (la) 
for the Majorana force and 
gA,,,e~-*" PQ (1b) 


for the Heisenberg force between unlike particles. 
Here A,z=72 mc*, ro=2.25-10-" cm, g=0.22 
and a=16 if r is measured in units of #/c(\/m)! 
= 8.97-10-* cm. 

The forces between like particles are less well 


* Now at the Institute for Advanced Study. 

+ Now at Princeton University. 

1E. Feenberg and J. K. Knipp, Phys. Rev. 48, 906 
(1935). E. Feenberg and S. S. Share, Phys. Rev. 50, 253 
(1936). 


N, N+1 


larger than the 


energy difference between the nuclear pairs 
(N+1, N 


difference in the electrostatic 


may possibly be somewhat 
energies. Support for the 
use of spin exchange (Heisenberg) forces to account for 
the singlet-triplet separation in the deuteron is found in 
the singlet-triplet separation inferred from the Li®— He‘ 
normal state energy difference. However, the B'°— Be” and 
N'*—C!* normal state differences do not fit the simple 
theory which is adequate for the singlet-triplet spacing 


in the two and six particle problems. 


known. Between pairs of protons and pairs of 
neutrons one assumes a potential with a depth 
A,,=41 
unlike particles.' This force is either assumed 
the 


mc? and the same width as between 


to involve an exchange P of Cartesian 


coordinates 


A,e °"P 


(2a) 


or else the scalar product of their spin operators: 


—1A,,e ar?(q1-@0). (2b) 


The latter possibility can be considered, be- 
cause of Dirac’s identity for antisymmetric 


wave functions? 
—}3(o1-02) =34+§P rr, (3) 


as the sum of an ordinary and an exchange force. 
It is undecided, at present, which of the two 
forms of interaction deserves preference. In fact 
it has been proposed* to assume interactions 
which would give equal attractions between 
pairs of like and unlike particles in the singlet 
state. We obtain a problem having this property 
by assuming for the interaction between like 
particles the same forces as between unlike 


particles :* 


(2c) 


(1—g)A,,e-°" P+gA,,e°°" PQ. 


2Cf. P. A. M. Dirac, Quantum Mechanics (Oxford, 
1935), §19, §61; J. H. Van Vleck, Phys. Rev. 48, 367 
(1935). 


3G, Breit and E. U. Condon, private communications. 

‘The assumption that the forces between all kinds of 
particles are the same was first put forward by L. A. 
Young, Phys. Rev. 47, 972 (1935). 
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For like particles the second part of this expres- 
sion can be written, because of the antisymmetry 
of the wave function in the coordinates of the 
protons (or neutrons), as an ordinary repulsive 
force —gA,,e~*”. We shall this “all 
forces equal model” because it is at least a useful 


consider 


approximation, the properties of which in some 
cases, can be discussed with greater ease® than 
the properties of a model with forces (2a) or (20). 
In addition to the forces (2), there are between 
protons the electrostatic and the 
ordinary spin-orbit and spin-spin interactions are 


forces also 
generally assumed to exist. These latter inter- 
actions seem to play only a minor role in nuclear 
problems. 

Of course, it is most probable that the inter- 
action of the constituents of nuclei cannot be 
described at all rigorously by a Schrédinger 
equation, the variables of which are the Car- 
tesian and spin coordinates of the protons and 
neutrons only. A similar description is impossible, 
strictly speaking, for the extranuclear electrons 
also. The cause of the interaction is probably 
some field in both cases—the electromagnetic 
field of light quanta in the second case and, 
perhaps, the electron-neutrino field in the first 
case. The elimination of the field variables is 
possible always in a certain approximation only 
and breaks down in a higher order approxima- 
tion. This is manifested by the phenomena of 
spontaneous emission and line width for the 
extranuclear electrons and by the 6 disintegra- 
tion, for example, in the case of nuclear con- 
stituents. Nevertheless, the usual Schrédinger 
equation gives a practically perfect description of 
atomic states and it may be hoped that a similar 
equation exists for the nuclear constituents also. 

We shall attempt here to find experimental 
criteria which can be used to answer the following 
three questions: 

(1) Whether or not the difference between proton-proton 
and neutron-neutron interaction is only the Coulomb force. 

(2) Whether (2a), (2b) or (2c) is the more correct form 
for this interaction. 

(3) Whether or not the assumption is correct that the 
neutron-proton interaction operator is a linear combination 
of Majorana and Heisenberg terms. 

Before examining these questions we apply 
the Hartree-Fock approximation method to the 





5 It is equivalent to ‘‘approximation (2)” of the paper 
of one of the present writers in this issue. 
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light nuclei between and including Li® and O' 
and perform the same calculation for the posi- 
tion of the terms arising from the lowest con- 
figuration which Slater® has made for atomic 


spectra. 


II. HARTREE-Fock CALCULATIONS 


It is well known that the Hartree-Fock method 
gives only very roughly correct solutions of the 
nuclear wave equation. This has been pointed 
out by Weizsiacker, Fliigge and Heisenberg’ for 
the older models (no interaction between like 
particles). It is true, however, also for the forces 
(1) and (2), though to a somewhat lesser degree. 
Bethe and Bacher® performed similar calcula- 
tions for both light and heavy nuclei using the 
newer model with the result that the method 
gives practically no binding energy for the ob- 
served nuclear densities. Since the Schrédinger 
solutions with 
the same 


equation without doubt has 


much lower characteristic values at 
densities (conglomerates of slightly compressed 
alpha-particles), the result obtained by Bethe 
and Bacher must be interpreted as revealing the 
inaccuracy of the Hartree approximation in 
nuclear problems. Considering the great similar- 
ity between the and metallic wave 
equations and the importance of the correlation 
energy in the latter,? this is not surprising. 


nuclear 


TABLE I. Binding energies of elements with masses between 


4 and 16. 

ni n 0 1 2 3 4 > 6 
0 He | 55 _ 56 
1 Li 62 76 89 
2 Be 109 113 126 
3 B 110 125 147 153 
4 C 141 176 186 202 
5 N 180 201 222 
6 O 215 246 





6 Cf. E. U. Condon and G. Shortley, The Theory of 
Atomic Spectra (Cambridge, 1936). In the Hartree approxi- 
mation the nuclei of the group He*—O* are obtained by 
successive additions to the p shell which is completed at 
O'. This has been first pointed out by J. H. Bartlett, 
Nature 130, 165 (1932). Cf. also his letter in the Phys. 
Rev. 41, 370 (1932) and G. Gamow, Zeits. f. Physik 89, 
592 (1934) and especially W. M. Elsasser, J. de phys. 4, 
549 (1933); 5, 389 and 635 (1934). 

7C. F. v. Weizsicker, Zeits. f. Physik 96, 431 (1935); 
S. Fliigge, p. 459; W. Heisenberg, p. 473. 

8H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 82 
(1936). 

®It is more than half of the binding energy in Na. 
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Nevertheless, it can be expected that in the case 
of light nuclei the order of the terms will be 
given correctly by such a calculation. This is true 
for the corresponding atomic spectra® although 
the calculated ratios of the term differences show 
marked deviations from the experimental values. 

Table I gives the elements with which we shall 
be concerned; ”,+2 is the number of protons, 
n2+2 the number of neutrons. The figures in the 
table are the binding energies” in units of mc’. 
As long as we neglect the Coulomb forces, the 
constitutions of elements symmetric with respect 
to the main diagonal of the table are identical. 
The theory of holes'! gives us furthermore the 
constitution of a nucleus from its mirror image 
with respect to the other diagonal. 

In this section we shall neglect the Heisenberg 
forces. This makes the Hamiltonian operate on 
the Cartesian coordinates only and both protons 
and neutrons will have a ‘‘multiplicity’’; each 
resultant spin angular momentum will be a good 
quantum number. In addition to these, we have 
the total azimuthal quantum number. The pos- 
sible terms for Be®, for example, can be deter- 
mined by combining every term of the configura- 
tion s*p*? of the protons with every term arising 
from the configuration s*p* of the neutrons.” 
The former terms are |S, 'D, *P, the latter ones 
*P, *D, 4S. Taken together these two configura- 
tions yield for the whole nucleus the terms "P, 
27) 4S) 12p 127), 12 Ff 125, ad a 127), 12 Ff 2G, MJ). 
25, *=P, =D, =P, *D, =F, *P. The first index 
represents the multiplicity of the protons, the 
second the multiplicity of the neutrons. (The 
Heisenberg forces will introduce an interaction 
between proton spin and neutron spin and split 
many of these terms into several new ones.) 

Since the number of terms is quite high, we 
first want a quick orientation as to which of the 
terms will be the lowest ones. It is clear that 
most of the terms just enumerated lie high in the 
continuous spectrum. We shall be interested in 
the low terms only. 

For this first orientation, we shall assume the 
interaction between like particles to be the same 

1° Computed from the mass values given by Bethe and 
Livingston at the Cornell Nuclear Conference, July, 1936. 
The C* value is taken from a paper by T. W. Bonner (same 
conference). 

"Cf. W. Heisenberg, Ann. d. Physik 10, 888 (1931); 


G. Shortley, Phys. Rev. 43, 451 (1933). 
2 Cf. reference 8, Table XIV for a complete list of terms. 
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as that between unlike particles. This amounts to 
assuming (1a) to be valid for all pairs of particles, 
since the interaction (1b) involving the spin is 
omitted in this section. We shall call this model 
the “equal orbital forces model.”’ It does not 
constitute a good approximation to either (1a) 
and (2a) or to (1a) and (20), but it is useful in 
obtaining a first orientation. 

In the equal orbital forces model, the Hamil- 
tonian is symmetric in all particles and acts on the 
Cartesian coordinates only. Four particles can 
be in the same orbit, namely two protons and 
two neutrons. Hence, not only those representa- 
tions of the symmetric group will occur which 
occur in atomic spectra, but we shall have 
representations with 1, 2 and also 3, 4 as addends. 
The representations play a very great role in the 
calculation of the potential energy, because the 
interaction operator contains a permutation of 
the particles. 

The kinetic energy is the same for all wave 
functions arising from the same configuration. 

If vi, ye,-+-. belong to a certain representa- 
tion D of the symmetric (permutation) group 
of m=n,+n2' particles, we can calculate the 
matrix elements of the potential energy 


View =(Wa(X1° ++ Xn), 


> IJ (X%a—X3)Pashs(X1-**Xn)), (4) 
as 


which is equal to 


V«= ) > D(aB)ru(Wx, J (Xa—Xa)Vr) (5) 


ap 
because of the relations 


Papbs(X1° + *Xn) +> D(aB)rwa(x1--+Xn). (6) 
oN 


Only those terms will be great in the sum (5) 
for which x=); in the other terms the positive 
and negative regions will about cancel each 
other. This canceling would be exact if the range 
of the forces were very long: in this case J could 
be taken out of the integral as a constant J(0) 
and the remaining integral would vanish for 
«and be 1 for x=. The whole V,, is for very 


Cf. E. Wigner, Gruppentheorie etc. (Braunschweig, 
1931), Chap. 13. The “‘all orbital forces equal’’ model is 
equivalent to approximation (1) of the paper mentioned 
in reference 5. 
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TABLE II. The terms of a p” configuration which correspond 
to a definite partition. 


1+1 3 2+1 1+141 
SD P FP DP S 
1/1 1/1 1/1 0/2 i/1 
' $+1 242 24141| 4 $42 34141 24241 
GDS FDP DS P |PDFGFDP DS } 
1/1 1/3 0/2 1/3 + 1/5 0/6 1 
+2 3+3 4+1+1 34+2+1 242442 
GFDDS FI FP DP S 
3/9 1/5 2/10 0/16 —1/5 
long range forces 
Viexc=J(0)¥ D(eeB) cx (7) 


ap 


The last sum has to be extended over all 
n(n—1)/2 transpositions and is equal to 
n(n—1)/2 times the character x(7) correspond- 
ing a transposition, divided by the dimension 
x(£) =s of the representation : 


V ex =J(0)(m(n—1)/2)x(T)/x(B). (8) 


This expression is independent of the detailed 
shape of the wave function and depends only 
on the representation D to which the wave 
function belongs. The formulas for the characters 
of representations" show that it is greatest for that 


47, Schur, Berl. Ber. (1908), p. 664. We found the 
following formula most suitable for the calculation of 
characters: 


{A1, Aa, ++ *Ap} = [Ai 1, Aa, -* +, Ap} 

+ {Ai Ae—1, + Ap} tee fa, Ae, -Ap— 1}. 
Here the symbol {Aj, Ao, ---A,} is the character of a 
permutation in the representation corresponding to the 
partition Ai+A2+-:-+A,=m. The left side gives the 
character of the representation of the permutation group 
of n elements, the right side contains characters of repre- 
sentations of the permutation group of m—1 elements. 
The formula holds for every permutation and can be used 
as a recursive formula. On the right side, all symbols must 
be omitted in which one number in the bracket is greater 
than the preceding. If the last figure in a bracket is a zero, 
it can be dropped. Thus, e.g., for a transposition, 


{4+1+1} ={3+1+1}+ [4+0+1}+ {4+1+40} 
{3+1+1}+{4+1}. 


The values of these symbols can be obtained by a further 
application of the recursive formula, since, for a transposi- 
tion, all symbols can be reduced finally to {2} and {1+1} 
which are +1 and —1, respectively. They are, for a trans- 
position, 0 and 2, so that the character corresponding to 


a transposition in {4+1+1} is 2. 
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TABLE III. Interaction energies between like particles. 


2 or _ 

INTER- 

ACTION S D P I ) 4S 
(2a) L+2K|L-—K L+3K SK 3K 3L+9K 
2b) L+2K|L-K L+3K)/3) L+2K I L+3K 

Orpinary |L+2K | L-—K I 3K 3L—4K'\3L—6K 3L—9K 

Forct 

INTER- | 

ACTION p* or x p° or p* or x 
(2a) } App —-L+8K t J 2L+16K —3L+24K 
(2b) App L+2K to p? 2L+4K 3L+6K 

ORDINARY \pp 5L—10K to 10L —20K 15L—30K 


Forct 


representation which contains as many 4’s as 
possible and in addition to these only one other 
addend. The terms corresponding to this repre- 
sentation will be called the “low terms.” 

It is easy to determine the terms of a p” con- 
figuration which correspond to a definite parti- 
tion® and the result is given in Table II. 
The last row contains x(7)/x(#£). The four 
s particles form a closed shell and contribute 
the same amount of energy to every term of a 
configuration. 

We proceed now to the secular equations, 
using (2a) and (2b) for the interaction between 
like particles. The kinetic energy has been 
omitted, because it is the same for all terms of the 
same configuration. In the calculation of the 
potential energy, the closed s shell has been 
omitted for the same reason and the wave func- 
tion for the p particles only used. To illustrate, 
for Li’ the configuration is pr’, the Greek letter 
m corresponding to the neutron, ~ to the proton. 
First the wave functions for the different 7? terms 
1S, \D, *P are written down. Then, for example, 
to calculate the “P term, wave functions with 
the azimuthal quantum number 1 are constructed 
from the proton wave function and the 'S 
neutron function, and from the proton function 
and the 'D neutron function. The spin functions 
can always be omitted when calculating in this 
way. 

With this choice of wave functions, the inter- 
action between like particles has only diagonal 
elements, these being the sum of the energies 
of the proton term and the neutron term used. 
The matrix elements for the proton-neutron 


16 The simplest method for this is described in Section 4 
of reference 3. (Cf. Table I there.) 
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interaction must be calculated separately for 
each case. 

It is well known that all potential energy 
integrals for the p" configuration can be expressed 
in terms of the following two, 


L= {. . fo r)?R,(r)?(x’/r')?R,(r’)? 


x J(\r—r'|)drdr’, 


=f fy rP)R,(r)?(x'y'/r”) 


XR,(r’)?I(\r—r' | )drdr’ 


(9) 


by means of the identity 
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L-2K={--. fc r)*R,(r)*(y'/r’ 


xX R,(r' 2 I(\r—r'|\)drdr’, (10) 


where (x/r)R,(r) denotes the p wave function. 
If there is any ambiguity we shall use L and K 
with the index vz if J signifies the interaction 
between unlike particles, with an index vy if it is 
the interaction between like particles, and with 
an index c if J is the electrostatic potential. 
The matrix elements for the interaction ener- 
gies between like particles are tabulated in 
Table III. 


Table IV contains the matrix elements 


TABLE IV. Matrix elements of the interaction between unlike particles.” 
raB_e IV. Mat l ts of tl teraction bet lik ticles. 





Li® 
P2P)2@S L+2K P?P)2D L—K, P2p)2pP L+3K 
Li 
P1p)2} 2L—2K, P3P)3pP L+2K, P3P)3p I 
@P!D)"D —L+4K, P3P)? —2L+6K, 
2P1s)up @PID)™P 
Pisyup 2 2K 3 (20)3(1 K 3 
Pip)™P (20)4(L —K)/3 (L+14K)/3 
Bes 
Sis NS, (ip D) Su. 
- as Sus, 4(L+2K 3 80)9(L —K 3 
CDID)US, | (80)4(L —K)/3 2(L+14K)/3 
SID) UD, (D!D) Ds 
CS'ID) UD, | 4(21,+K)/3 56)? L —K)/3 
CDID)UD, | (56)4(L —K)/3 (-2L+23K)/3 
CD!D)'G, 4L —4K. 
Li’ 
P2p)2p (2P2D)2P 
L+7K)/2 (15)*(L —K)/2 
(15)4(L —K)/2 (—L+13K)/2 
P2D)®D (@P2P)2D 
2 L+7K)/2 " 3K(L—K)/2 
34(L —K)/2 (3L+K)/2 








Be 
S2p) 2p yap) iz] 2) 127 
e I 4A 0 0/3)4(.L—K) 
D P 0 L+17K)/2 49/12)" L—K 
27) 12P 20/3)3(L—K 49/12) L—K L+23K)/2 
S:p D Dep D 2} ) 
as:p 2— 2L+4K 0 2(1 K 
({D2D)"D 0 L+17K)/2 HI(L—K 
(D:P)2D | 2L—K 7/4)(L—K 3L+11K)/2 
D2] 2F mh } 
1P2PpP)\2F 3L+K 2(L—K 
(1 D2D) 2 2(L-—K 2L+4K 
D2D) "2G 4. —2K 
Be 
Sis Ss Dip S 
(SiS)us 8(L4 2K)/3 —(80)9(L —K)/3 
CDID)uS ~(0)(L —K)/3 (—8L+50K)/3 
sip Disyup sip pDisyup Dipyup 
asip=-ipisyup | 4.+4K 0 0 
ISIp+ipisyup 0 (4L +20K)/3 56) 3(L —K)/3 
D1D)"'D 0 56)1(L —K)/3 (SL+28K)/3 
(‘D'!D)"F 4L+4K, DiD)'G 4L 
Bio 
P2P)2S, (2D2D)228 
( Ss 21 9K 15)3(Z K 
(@D2D 15)(L—K 15K 
P2P)2p, D?P)2@p D2D)@p 
(2P2P)2D, (7L+9K)/2 0 21)*(L—K)/2 
2P2D +2p2P) 2p, 0 5L+5K 0 
2D2))2D, (21)'(L —K)/2 0 (3L+21K)/2 
C@D2P+2P2D)@F, 5L+2K, (2D2D) 2G, SL. 


The + sign signifies that the wave function remains unchanged if the proton coordinates are interchanged with the neutron coordinates This 
quantum number exists only for elements with equal numbers of protons and neutrons and also in this case only if the multiplicity for both is 
the same. If the multiplicities for protons and neutrons are different, the + term coincides with the — term and the degeneracy is doubled. 





‘© The matrix elements for Li® are given by Bethe and Bacher, reference 8, §36. 
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for the proton-neutron interaction. The symbol 
((D§P)*’F denotes the wave function with the 
azimuthal quantum number 3 which can be 
constructed out of the 'D protonic and the *P 
neutronic wave functions. 

Table IV contains all matrix 
Li® and Li’, but for the other nuclei only those 
which are necessary for the calculation of the 
“low terms’’ (as determined by the equal orbital 
forces approximation). The matrix elements 
V.a for the nucleus with 6—, protons and 6— 1-2 
neutrons are obtained from the corresponding 
matrix elements V,, of the nucleus with , pro- 
tons and m neutrons by means of the relation 


elements for 


Va=Vat(6—m—Mm2)(2L+4K)6,, (11) 


which can be derived from the theory of holes. 
Thus we have all the matrix elements for the 
Majorana forces. 

The next task is the calculation of the integrals 
L and K. Because of 


f- ; » [ (ay’—a'y)? Pr”? -R,(r)P?R,(r')? 


xXJ(\r—r'|)drdr'’=2L—6K>0 (12) 


we know that at any rate 3K <L. The actual 
calculation of the ratio and absolute values of 
L and K is given in the appendix. It is clear that 
these quantities depend principally on the radius 
r, of the p shell and on the range 7 of the nuclear 
forces. If ro/r, is very large, K will vanish. This 
corresponds to the approximation made _ in 
Eqs. (7) and (8). The appendix shows that K, 
though not zero, is 7 to 11 times smaller than L. 

For the calculation of energies of terms which 
do not appear as solutions of secular equations, 
the interaction energy of like particles has to be 
added directly to the matrix element of Table IV. 
In the other cases, the like particle interaction 
matrix elements must be added to the diagonal 
elements of the secular determinant of Table IV. 
It must be remembered that the Z and K in 
Table III are not identical with the correspond- 
ing quantities in Table IV. If, however, we sup- 
pose that the two different L’s are equal and 
set K=0, the result must be that given by 
Eq. (8). This shows that in the equal orbital 
forces model, the differences between the ‘low 
terms” are due to the finite value of K. With the 
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other models the numerical results for the spacing 
of the ‘low terms”’ in a multiplet depend es- 
sentially on the value of K and hardly at all on 
the L/K ratio. 

The actual solutions of the secular equations 
are given in Table V in units of mc? for the terms 
which are “low” in the equal orbital forces 
approximation. Although the term differences 
are independent of the choice of like particle 
interaction, we do not believe them to be correct 
(because of the use of the Hartree method). 
However, we think that the order of the terms 
will be right. The situation is the same in the 
corresponding atomic spectra.°® 

The symbols (z) and (77) designate different 
methods of making the numerical calculations 
which are fully described in the appendix. 
Models (2a) and (2b) (and consequently also 
model (2c)) give the same order and spacing of 
the “low terms” within a multiplet. The spacing 
is also practically independent of the method of 
calculation, because K has nearly the same value 
in both methods. Fig. 1 gives the calculated total 
energy (method (iz)) of the lowest term and the 
experimental binding energy. Only the most 
stable nucleus with a given total mass is shown 
on the diagram. To obtain the theoretical curve 
a linear function c(m,;+2)+d is added to the 
computed total energy and the constants c and d 
determined to fit the experimental points at 
Het and O'*. The observed ‘‘4 shell’’ structure 
is clearly evident in the computed curve, 
although the wave functions used do not corre- 
spond to preformed alpha-particles. In general 
the agreement is somewhat worse than for the 
similar calculation in atomic spectra." 

For the comparison of the calculated excited 
levels with experiment there is available only a 
limited amount of experimental material. P. 
Savel'® and W. Bothe'® have investigated the 
gamma-radiation associated with some nuclear 
transmutations. Unfortunately, Savel’s results 
do not allow any conclusions to be drawn as to 
the character of the excited states. Bothe seems 
to have found three states in the C™ nucleus, 
the positions of which agree fairly well with our 
“low” terms. However an interpretation of 
Bothe’s terms on these lines hardly seems 

17 R. Peierls, Zeits. f. Physik 59, 738 (1929). 


18 P. Savel, Ann. d. Physik 4, 88 (1935). 
19 W. Bothe, Zeits. f. Physik 100, 273 (1936). 
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TABLE V. Calculated p shell potential energies in units mc. 














TERM i) | (ii | (a) (i#) 
Li‘ 
—— —_—__— 

2S —18.6| —12.7| —18.6| —12.7 

2p) — 14.3 —8.4) —14.3 —8.4 

22 11.5 5.5 | 11.5 5.5 

For N" add — 137.1 — 105.7 |— 195.9 — 133.6 
Li? 

2p —44.0| —28.4| —44.0| —28.4 

2F —37.8| —22.1| —37.8| —22.1 

For C® or N® add —102.8| —79.3 |—146.9 |—100.2 
Li® 

2 —39.2| —27.4| —46.5| —30.9 

2-) —36.2| —23.9| —43.5| —27.4 

2F —32.8| —22.4| —40.1|} —25.9 

For B® add —68.5| —52.9| —97.9| —66.8 
Be® 

us —88.1| —56.8| —88.1| —56.8 

upp —84.3| —53.0| —84.3|) —53.0 

1G —75.6| —44.1| —75.6| —44.1 

For C® add —68.5| —52.9| —97.9| —66.8 

Be® or B® 

2p —83.1) —55.8| —90.5| —59.3 

2f) —80.7| —53.3| —88.1| —56.8 

ad ol —77.0| —49.5| —84.4| —53.0 

2G —72.0| —44.4| —79.4| —47.9 

For B" or C™ add —34.3| —26.4| —49.0| —33.4 


feasible, because the transition from "G to "S 
should be so much less probable than the 
transition to the "D level that the gamma-ray 
corresponding to the former transition should be 
unobservable. Hence, if our results are correct, 
at least one of his lines must have another 
interpretation. A possible interpretation is that 
two of the lines observed by Bothe come from 
the transitions "G—"D, "D—"S and the third 
from another excited level which happens to be 
near "G. Such an excited level might arise from 
an excited configuration. This interpretation 
gains in plausibility from the fact that N™ has an 
excited state” *! with an excitation energy of 
10.5 mc®. Since the normal state configuration of 


20 FE. O. Lawrence, E. McMillan and M. C. Henderson, 
Phys. Rev. 47, 273 (1935). 

*1 J. D. Cockcroft and W. B. Lewis, Proc. Roy. Soc. 
A154, 261 (1935). 


Be!® or C10 


us —90.0| —62.6|—104.7| —69.6 
uy) —87.6| —60.2 |—102.3| —67.2 
up —86.8| —59.4/—101.5| —66.4 
uF —84.1| —56.7| —98.8| —63.7 
UG —78.4| —50.9| —93.1| —57.9 
Be 
2s —96.9| —67.6|—111.6| —74.6 
2p) —92.9| —63.5|—107.6| —70.5 
2D —92.5| —63.0|—107.2| —70.0 
2F —88.7| —59.2|—103.4| —66.2 
2G —84.1) —54.5| —98.8) —61.5 


C* or O¥ 


us — 148.9 | — 


11 
up — 146.2 |—11 


3.7 | —207.7 |—141.6 
1.0 | —205.0 | —138.9 


N® or O% 


sp — 171.4 | —132.2 |—244.9 | —167.1 


or 
us — 205.6 | —158.6 | —293.8 |—200.5 


| 


N' has only one term, all the excited states 
must be ascribed to configurations in which one 
or more particles are excited. The occurrence of 
short and long range groups of particles together 
in transmutations in which C" is produced 
confirms the existence of an excited level about 
10 mc? above the normal state.” *!: 2? Cockcroft 
and Lewis” find two excited states in B", one 
of which falls between the levels "G, “F and 
the other between the levels "F, "D of the 
theoretical calculation. Bonner and Brubaker” 
observe three excited states in B®” with the 
energy 8.4 mc? available to produce excitation. 
The theoretical calculation shows three triplet 
levels and one singlet level in this range. 

If we assume in analogy with H? that there 

2 T. W. Bonner and W. M. Brubaker, Phys. Rev. 50, 
308 (1936). 























102 E. FEENBERG 
| 
| 
E 

(me?) 

: 2 8 \ 2 19 16 18 
N=n,+n2+4 
Fic. 1. Binding energy against nuclear mass. The 


calculated values lie on the solid curve; the circles mark 
experimental points. 


are forces which tend to direct the proton spin 
parallel to the neutron spin (the Heisenberg 
forces will be shown to have such an effect), 
we obtain Table VI for the total angular mo- 
menta of the ground states. The ambiguity, in 
the cases for which several possible values of 
the angular momentum are given, is caused by 
the lack of knowledge concerning forces coupling 
the spin to the orbit. Experimentally the follow- 


ing momenta are known: Li®—1, Li?’—3/2, 
CP®—0, N*—1, O'’—0. These agree with the 
theory. 


III. THe HEISENBERG FORCE BETWEEN 
UNLIKE PARTICLES 


The comparatively large singlet-triplet separa- 
tion in H? (~4 mc’) points to an interaction 
between protons and neutrons which involves 
the spin in some way. The simplest assumption 
for such an interaction—though not the only 
possible one—is the Heisenberg force (15) which 
involves the exchange of both Cartesian and 
spin coordinates of the interacting particles. 

It is characteristic of this interaction that it 
is invariant with respect to the rotation of all 
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spin coordinates—though it is not invariant 
with respect to the rotation of the proton spin 
alone any more, as were the Majorana forces. 
Consequently, it will leave the total spin angular 
momentum an exact quantum number, not, 
however, the proton spin and the neutron spin 
separately. 

By Dirac’s identity the exchange of the spin 
coordinates can be written 


Qi2=3+3(01-02). 


The first part gives matrix elements which are, 
apart from the factor g/(1—g), just half as great 
as the matrix elements of the Majorana force, 
thus effectively increasing this by the factor 
(1—3¢g)/(1-—g). The matrix elements of the 


(13) 


second part vanish by the selection rules if both 
wave functions have a proton spin 0 or a neutron 
spin 0 or if the proton spins or the neutron spins 
differ by 2 or more. In these cases the addition 
of the Heisenberg force amounts only to an 
increase of the Majorana force by the factor 
(1—3g)/(1—g). For most purposes it is more 
practical to unite the first part of the Heisenberg 
force with the Majorana force and consider the 
rest as an interaction involving P, the inter- 
change of the Cartesian coordinates, and the 
scalar product of the spin operators. The effect 
of the first part of the Heisenberg force is 
numerically much greater than the second in 
most cases. It has been included in Tables IV 
and V and in Fig. 1 by calculating with a modified 
form of (1a) in which g is replaced by 3g. 

The splitting of a term with proton multi- 
plicity s and neutron multiplicity ¢ is caused by 
the second part only. There are new com- 
ponents with the total spin angular momenta 
S=|s—o!, |s—o|+1, ---, sto the displace- 
ment of the term with the total spin S being 
proportional to 


s(s+1)+oe(o+1)—S(S+1). (14) 


The matrix elements of the second part of (10) 
for the ground state when they do not vanish 


TABLE VI. Angular momenta for normal states. 


Lié Li? Li’ Be’ Be® B® Bete Bio cw 
1 4,3 0,1,2 0 4,3 4,3 0 1 0 
Bu cu Bu cu ca Nu Nu Ns ow 
$,3 4,3 0,1,2 0 4,3 4,3 1 4,3 0 


ng 
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(in all these cases s=a=}4) are given in Table 
VII for the triplet state only, since the elements 
for the singlet state can be obtained by multi- 
plication with —3. Here L and K are identical 
with the same symbols in Table IV. These 
matrix elements must be multiplied by the factor 
g/2(1—3g) and added to the corresponding 
effective Majorana matrix elements in Table IV. 

The numerical calculation (method (7)) yields 
a splitting of 9 mc? for both Li® and B™ (and 
thus also for N™), the triplet term being always 
the lowest. Method (7) gives a splitting of 
6.3 mc? for Li® and N™ and of 6.6 mc? for B”. 
For Li® both methods give very little splitting 
so that it is impossible, in this case, to tell what 
should be the normal state. 

Since the azimuthal quantum number and 
the resultant spin angular momentum both 
remain good quantum numbers, the Heisenberg 
force does not introduce a splitting of the *P or 
similar terms into the fine structure components 
5Po, *P,, *P2. It has been suggested by D. R. 
Inglis (at the summer symposium at Ann Arbor, 
as yet unpublished) that the spin orbit coupling 
should have the same sign (giving the larger j 
the lower energy) for both neutrons and protons 
in nuclei. A relativistic (Thomas) term results 
from the acceleration of the particles by the 
nuclear forces. According to Inglis this is the 
preponderating spin orbit coupling term in 
nuclei. 


IV. THE CouLoMB ENERGY 


A further question of interest is that con- 
cerning the difference between proton-proton 
and neutron-neutron interaction. The simplest 
assumption is that the only difference is the 
electrostatic interaction between protons. 

According to this assumption the binding 
energy and the whole spectrum of two nuclei 


TABLE VII. Matrix elements of the second part of the 
Heisenberg force. 











Lis (2P2P)2S L+2K 

Lis (2P2P)3P (2P2D)3P 
(2P2P)3P (—1,+3K)/2 (15)4(L —3K) /6 
2P2D)3P (15)4(L —3K)/6 (—5L+11K)/6 

Bie | (2P2P)3§ (2p2pyss 
@P=pys | (2L—K) (15)*(—L+3K)/3 
(2D2D)3S (15)4( —L +3K)/3 (8L —SK)/3 
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should differ only in the Coulomb energy if the 
number of neutrons in the first element is equal 
to the number of protons in the second element 
and vice versa. Known pairs of this type are 
H’— He’, Be®— B®, B"'—C", C8—N®, N4—O, 
Ol— Fr, 

For He® there already exists a simple calcula- 
tion of the Coulomb energy! and a more accurate 
calculation giving substantially the same result 
has been made by S. S. Share.» The computed 
Coulomb energy for He* appears to be about 
15 percent smaller than the experimental 
H*— He’ energy difference. For the other pairs 
we have performed the calculation, adding the 
electrostatic energy to the like particle inter- 
action. The details of the computation are 
given in the appendix. For all cases in which 
the positron spectrum has been observed the 
experimental energy difference is obtained as a 
sum of three terms: (1) the upper limit of the 
positron spectrum (in electron mass units, taking 
the inspection value for the upper limit),™ 
(2) the n'—H! mass difference, (3) the mass of 
two electrons. Table VIII exhibits the electro- 
static and experimental differences. The agree- 
ment is quite good. Nevertheless the experi- 
mental values are always somewhat greater than 
the theoretical ones. Considering the rather large 
uncertainty of these calculations, one cannot 
claim with certainty at present that the neutron- 
neutron interaction is stronger than the proton- 
proton interaction. 


V. COMPARISON OF ISOBARIC NUCLEI 

In this section we wish to make a few remarks 
concerning the spectra of isobars and the possi- 
bility of deciding between the alternatives (2a), 
(2b) and (2c) for the interaction between like 
particles. ; 

It is clear from Table V that for the same 
values of the depth and range of the potentials, 
(2a) gives much less binding than (2b). Hence 
using the statistical method one obtains a smaller 
discrepancy with (2b) than with (2a). This 
cannot be considered, however, to be decisive 
evidence in favor of (2b), since it is possible that 


23S. S. Share, Phys. Rev. 50, 488 (1936). 

*W. A. Fowler, L. A. Delsasso and C. C. Lauritsen, 
Phys. Rev. 49, 561 (1936); F. N. D. Kurie, J. R. Richardson 
and H. C. Paxton, Phys. Rev. 48, 167 (1935); L. Meitner, 
Nature 22, 420 (1934). 
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TABLE VIII. Electrostatic and measured energy differences. 


H3 — He’ Be? — B® Bt! —Cl| CB—N8) N4' —OW) O F 
37 3.11 4.06 4.62 5.54 5.62 
7 3.20 4.90 5.10 6.00 6.80 


3 
S7 


Electrostat. | 1 
Experim 1 


the correlation energy can account for the greater 
difference between the observed energies and 
the results of the statistical calculation with 
(2a). The discrepancy for (2c) is even greater 
than for (2a), but (2c) also cannot be excluded 
on this basis.”® 

In all cases only a small fraction of the binding 
energy is due to the interaction between like 
particles. This makes it very difficult to draw 
conclusions concerning these forces from experi- 
mental term values. If we consider, however, the 
Schrédinger equations of two isobars in the equal 
orbital forces approximation, their characteristic 
values will be absolutely equal. Nevertheless, 
the energy values will not necessarily be equal 
even in this approximation, because a charac- 
teristic value which is allowed for one isobar, 
may be forbidden for the other by Pauli’s 
principle. Thus the low terms of Be® arise from 
the partition 4+4 of the equal orbital force 
approximation, but this gives no allowed terms 
for Li’, the low terms of which come from the 
4+3+1 partitions. These are allowed for Be® 
also, but correspond to excited states. For Be” 
and B"”, however, the low states come in both 
cases from the 4+4-+2 partition, in the first case 
giving singlet-singlet, in the second doublet- 
doublet terms. These coincide exactly in the 
equal orbital forces approximation and _ their 
similarity can be seen even in Table V. If one 
now introduces the difference between (2) and 
(la) as a perturbation, the Be”, B™” energy 
separation will appear as a difference of two 
small quantities. 

Experimentally the binding energy of Be" is 
greater than that of B” by 0.8 mc®. From Table 
VIII we estimate that the difference between 


%H. A. Bethe and R. F. Bacher, reference 8, §6, have 
shown that a symmetrical Hamiltonian gives stable nuclei 
consisting of protons or of neutrons alone if one does not 
take into account the Pauli principle. However the Pauli 
principle causes the effective interaction between like 
particles to be smaller than that between unlike particles, 
even though the fundamental Hamiltonian does not 


distinguish between like and unlike particles. A good 
example in this connection is Li* which is much less stable 
than Be’. 


AND E. 
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the proton-proton and the neutron-neutron inter- 
actions (Coulomb energy) has decreased the 
binding energy by 3.2 mc*. Thus the binding 
energy due to nuclear forces alone is greater for 
B®” than for Be” by 2.4 mc®. The corresponding 
quantity for the N“—C 5.1—0.8 
= 4.3 mc*. Such small differences are possible only 
if the constants in the interactions between like 
and unlike particles are essentially equal. 

With (2a) or (2d) the difference between the 
Majorana energies of the B™ and Be” ground 
states is seen from Table V to be 5.0 mc? (method 
(1z)). This must be increased by the amount 
1.6 mc? by which the normal state of B"™ is 
is taken of the second 


pair is 


lowered when account 
part of the Heisenberg force between unlike 
particles. This gives a total difference of 6.6 mc’. 
Using (2c) it can be shown that the ground state 
of Be” coincides with the singlet state arising 
from 2S in B and hence the difference between 
the binding energies of Be” and B" is 6.6 mc? 
for all three models. The agreement between 
models (2a), (2b) and (2c) in this case is not due 
to numerical coincidence, but can be shown to 
be true for all values of L and K simply by 
comparing the like particle contributions to the 
secular equations of the two systems for each 
of the three different models. 

We see that the experimental difference be- 
tween the binding energies of Be” and B" is 
much smaller than the theoretical difference. 
For C™ and N™ the situation is similar. Both 
sets of low terms belong to the partition 4+4+42 
and hence coincide in the equal orbital forces 
approximation. Here also the energy difference 
is independent of the model. From Table V 
(method (77)) the C“—N" energy difference is 
4.7+1.6=6.3 experimentally the 
difference is only 4.3 mc’. 

In view of these discrepancies it is surprising 
to find excellent agreement between the com- 
puted and experimental Li’—He® energy differ- 
ences. Bjerge and Brostrém*® report the value 
7.5+1.0 mc? for the maximum kinetic energy 
of the electrons produced in the transformation 
of He® into Li®. Since the additional Coulomb 
energy in Li® is almost exactly balanced by the 
the He®, we 


mc”, while 


greater mass of constituents of 
* T. Bjerge, Nature 138, 400 (1936), and T. Bjerge and 
K. J. Brostrém, Nature 138, 400 (1936). 
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obtain 7.5+1.0 mc? for the experimental singlet- 
triplet splitting in Li®. The computed value is 
6.3 mc? (method (77)) or 9.0 mc? (method (7)). 

The secular equations for the states of Be® 
corresponding to the 4+3-+1 partitions are given 
in Table IX. 

We obtain — 1.0 mc’ for the (Li’) *P — (Be’) ®P 
energy difference using model (2a) and — 3.4 mc? 
using model (2b). These numbers, added to the 
experimental normal state energy difference, 
yield the results 21 mc? (2a) or 24.4 mc? (2d) 
for the excitation energy of the “P term in Be*. 
This term could be observed directly since it is 
stabilized by the spin conservation law.?’ A 
similar result can be deduced for C” also, by 
comparison with B"™, since the experimental 
binding energy difference is nearly the same. 
It should be noted that method (i) gives a 
Li'—Be® normal state spacing in fair agreement 
with experiment. Here, as well as in the problems 
of the “four shell’’ structure and the singlet- 
triplet separation, method (iz) gives better 
agreement with the experimental facts than 
method (7). 


APPENDIX 


We assume that each particle has a separate wave 
function (Hartree-Fock model) and, furthermore, that 
this has the form 


R,(r) =ce~*?!*8? =ce~aor* (15 
for the s particles and 


(x/r)R,(r), (y/r)Rp(r), (2/r)R,(r), ” 
(16 


R,(r) =c're rt /rp? = ¢'e-rar* 


for the p particles, where a@ is the reciprocal square of the 
range of the forces and is defined in (1). 

It is well known that if a determinantal wave function 
for the whole system is built up out of these functions 
and the energy calculated, choosing the parameters ¢ 
and 7 so as to make the energy a minimum, the absolute 
value of this minimum will be very small and the corre- 


27 The spin conservation law is practically rigorous for 
nuclei if the singlet-triplet splitting is produced by a force 
of the form (16). We should mention at this occasion that 
it is not sufficient for the validity of such a conservation 
law that the forces acting on the spin be small. It is neces- 
sary, in addition to this, that the separation of states with 
different spin should not be small also. For atomic spectra, 
this follows from the fact that the singlet-triplet separation 
is of electrostatic nature, while the spin forces are magnetic. 
For nuclei, if (15) is correct, the singlet-triplet separation is 
due to the Heisenberg force, while the spin forces still are, 
under this assumption, of magnetic nature. Thus if (16) is 
correct, the situation is much better for the spin law in 
nuclei than in the external shells. It is invalidated, however, 
by any force, coupling the spin to orbit, as e.g. that as- 
sumed by Inglis (cf. Section III, end). 
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TABLE IX. Continuation of Table V. Be’. 


S3p) 3] D3P) 13] 
I 4(L+2K 0/9 K)/3 
D8P)B@P 20)4(L —K)/3 tL. —25K)/3 
DSP)8D IL +3K Dp) 3} 21 


sponding radii greater than the radius of the nucleus. 
The reason for this discrepancy is that it is impossible to 
express the finer statistical correlations between the posi- 
tions of the particles assuming a separate wave function 
for each particle. In order to take into account at least 
approximately the correlation energy, a semi-empirical 
method is used, modifying the Hamiltonian in such a way 
that it gives the experimental binding energy for O"*, 

The kinetic energy per particle is (3/2)ae and (5/2)ar 
for the s and p particles, respectively. For a system with 
N particles the total kinetic energy is taken to be 


(1—1/N)(60—107+ (5/2) Nr). (17) 


The factor (1—1/N) serves to eliminate the spurious 
kinetic energy of the center of gravity which arises from 
the use of single particle wave functions with coordinates 
measured from a fixed point.?8 For the Coulomb energy we 
obtain 


CE(s) =(aa/8)3, (within the s shell), 
‘3 = ' 2 2\ 4 ’ 
CE(sp) =(1/3)(er)*(o+7)~ 7(37r-+20—2r%a(o+7)*)a?, (18) 


(between the s shell and each proton in the shell), 
L.= (49/120) (ar/2)!, 


‘ (19) 
K.=(1/40)(ar/2)!. ; 


If we use the relation Ayy~(1—2g)Ayx the total po- 
tential energy in the s shell is 
? 
6(1—g)AverB(o), B c)=(\¢e o+1 -" (20) 
for all three forms of the like particle interaction. 

The total interaction energy between the s shell and a 
single particle in the p shell (including both like and unlike 
particle forces) has the form 

3(1—g)AveD+(1—2g)Ave(D—C), (1a+2a), 
3(1—g)AveD, (la+2b), (21) 
3(1—g)AveD+(1+2)Ave(D—C), (la+2c), 


with Die,r =1601(r o+r)))*(¢+7r+2 - 
. } . , £4) 
Clo, r) = (2¢) *r°/7(1+2¢)(2er+e+7 
Within the p shell 
Lox =Ave(l—g 2)L°, Ly = Ave(1—2g L°, 
(for 2a and 2), 
Kor =Apr(l—g 2 K®, Kwy = Avr(1—2g K®, 23 


Lo = (r/r+1)!{1—(4r+1)/4(7r +1)" 
K®°=(r r+1)! 4(r+1)?. 

In computing Eqs. (21) and (22) the Majorana inter 
action between unlike particles is given the depth 
(1—g/2)Ave in order to take into account part of the 
Heisenberg interaction (as discussed in Section II1). 

It appears to be sensible to try to compensate for the 
correlation energy by either multiplying the potential 





28S. Fliigge, reference 7. 
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energy by a suitable constant,’:* or by allowing the 
particles to interact at a greater distance than they really 
do. With (26) we found that multiplying the potentials 
by 1.36 yields a function for the sum of all energies which 
has a minimum value of —246 mc? at o=0.80 (taking 
Tt =o since very little improvement is obtained from vary- 
ing both r and o independently). The second method 
(method (7)) is believed to be somewhat more reliable. 
With (25) the radius of action must be increased by the 
factor 1.3 to make the minimum value of Z(O"*) agree with 
experiment. The minimum is assumed at o=1.01 (again 
taking o=r for the same reason as before). To obtain the 


numerical results discussed in the text we use the values 


Lyx = 15.74, Kvr=1.41, 

Ly =10.05, Cw» =0.90, 

L. =0.892, K. =0.055, Method (i). (24) 
CE(s)=1.09, CE(ps) =1.63, 


3(1 —g)D(e, a)Ave = 14.95, 
6(1—g)B(o) Avr = 120.00. 
In computing the kinetic and Coulomb energies a is re- 


placed by a/(1.3)*. 
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The straight-forward application of this procedure to 
the models (2a) and (2c) is not very satisfactory, because 
an increase in the strength of the potentials or in the radius 
of action which serves to fit the experimental O'* energy 
will give far too much energy to the lighter elements. 

Finally it was found most satisfactory to make the 
calculations without modifying either the range or depth 
of the potentials. With o=1.01/(1.3)? the kinetic and 
Coulomb energies are exactly as in method (7). The other 
matrix elements have the values 


Ler =9.83, Kor =1.44, 
Ly =6.19, Ky» =0.90, Method (22). (5 
3(1—g)D(e, «) Ave =12.13, nisin 
6(1—g)B(c) Ave =77.37. 


The correlation energy is introduced by adding to the 
total computed energy a linear function of the number of 
particles. Since the general linear function contains two 
parameters it is possible in this way to fit exactly the 
measured binding energies of two different nuclei, i.e., 
Het and O!*, Then the energies of all the others are uniquely 


determined. 
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On the Consequences of the Symmetry of the Nuclear Hamiltonian 
on the Spectroscopy of Nuclei ; 


E. WIGNER* 
Princeton University, Princeton, New Jersey 


(Received October 23, 1936) 


The structure of the multiplets of nuclear terms is investigated, using as first approximation 
a Hamiltonian which does not involve the ordinary spin and corresponds to equal forces 
between all nuclear constituents, protons and neutrons. The multiplets turn out to have a 
rather complicated structure, instead of the S of atomic spectroscopy, one has three quantum 
numbers S, 7, Y. The second approximation can either introduce spin forces (method 2), or 
else can discriminate between protons and neutrons (method 3). The last approximation dis- 
criminates between protons and neutrons in method 2 and takes the spin forces into account 
in method 3. The method 2 is worked out schematically and is shown to explain qualitatively 


the table of stable nuclei to about Mo. 


1 


ECENT investigations! appear to show that 

the forces between all pairs of constituents 

of the nucleus are approximately equal. This 
makes it desirable to treat the protons and 
neutrons on an equal footing. A scheme for this 
was devised in his original paper by W. Heisen- 





* A paper delivered at the Tercentenary Conference of 
Arts and Sciences at Harvard University, September, 1936. 

1M. A. Tuve, N. P. Heydenburg and L. R. Hafstad, 
Phys. Rev. 50, 806 (1936); G. Breit, E. U. Condon and 
R. D. Present, Phys. Rev. 50, 825 (1936). 


berg? who considered protons and neutrons as 
different states of the same particle. Heisenberg 
introduced a variable + which we shall call the 
isotopic spin, the value —1 of this variable can 
be assigned to the proton state of the particle, 
the value +1 to the neutron state. The assump- 
tion that the forces between all pairs of particles 
are equal is equivalent, then, to the assump- 
tion that they do not depend on + or that the 
Hamiltonian does not involve the isotopic spin. 


2 W. Heisenberg, Zeits. f. Physik 77, 1 (1932). 
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In addition to this isotopic spin 7, we must 
keep, of course, the ordinary spin variable s also; 
s also can assume the two values +1 and —1. 
It has been pointed out lately* that the Pauli 
principle requires that the wave function 


W (115171, 725272, *s Colatad (1) 


be antisymmetric with respect to the simul- 
taneous interchange of Cartesian, spin and 
isotopic spin variables of any pair of heavy 
particles. This fact is quite analogous to the 
similar statement for ordinary spin. 

Of course, if Eq. (1) is to represent the state 
of a given nucleus, say with mp protons and my 
neutrons, it must vanish at every place where 
the sum of the r’s 


tTittot ++ +7nAMN—Np (2) 


is not equal to the “isotopic number” of this 
element. All wave functions which are finite for 
several sums of the 7’s, refer to states which can 
be different elements with finite probabilities. 
No such states are known to be of any im- 
portance and the mathematical apparatus of 
the isotopic spin is, hence, somewhat redundant. 
It will turn out that it is very useful in spite 
of this. 

In addition to the assumption of the approxi- 
mate equality of forces between all pairs of 
particles, it appears to be a useful approximation 
to neglect the forces involving the ordinary 
spin. The Hamiltonian depends then on the 
space coordinates alone. By keeping both, one 
or none of these assumptions, one comes to four 
possible schemes : 

(1) Take into account forces depending on space co- 
ordinates alone. 

(2) Take into account forces depending on space and 
ordinary spin coordinates, assuming, however, interactions 
between all kinds of pairs to be equal. 

(3) Neglect ordinary spin forces, take into account 
forces depending on space coordinates and isotopic spin, 
i.e., discriminate between proton-proton, proton-neutron 
and neutron-neutron interactions. 

(4) Take all kinds of interaction into account. 


The first is the roughest method, the last the 
most exact and it is probable that (2) is more 
accurate for light elements, (3) for heavy 

*J. H. Bartlett, Phys. Rev. 49, 102 (1936); W. Elsasser, 


J. de phys. et rad. 7, 312 (1936), and especially B. Cassen 
and E. U. Condon, Phys. Rev. 50, 846 (1936). 


elements. On the other hand, of course, one can 
obtain most results from symmetry considera- 
tions for 1, fewest for 4. Approximation (1) is 
identical with the “all orbital forces equal” 
model. 

The statement that an operator involves only 
one or another set of variables needs further 
amplification. As used in the ordinary theory 
of spectra, this expression means that the 
operator can be written in terms of these variables 
alone. It did not mean that it cannot be written 
in some other way as well. Thus, e.g., the inter- 
change P of the space coordinates acts only on 
space coordinates, although it can be written by 
Dirac’s identity, 


P=—}—}(s;-S2) 


entirely in terms of spin operators for anti- 
symmetric functions. We shall keep this defini- 
tion for the forces depending on Cartesian and 
ordnary spin coordinates for nuclei also. 

The operators which involve r are, however, 
somewhat specialized to begin with. Using 
Heisenberg’s notation for isotopic spin operators 


|—1 Ol 0 4 0 1 


io ’ é ’ 


01 li—é 0 ‘1 0 


= r 
7 / 


the conservation law for electric charge requires 
that all operators commute with 


Trt tet: s+ + tr = ny —Up=2T;. (3) 
In addition to this, one hardly would say that 
TeiTeet TeiTeet Tritr2 = —1—2PQ. (5) 


(P interchange of space, Q interchange of spin 
coordinates) does not involve the Cartesian or 
spin coordinates, since Eq. (5) is a rather 
artificial expression, r; and 7, having no immedi- 
ate physical significance. We shall assume hence 
for approximation (3) only such operators which 
are equivalent to operators acting on the 
Cartesian coordinates alone, but in a different 
way for protons and neutrons. This is equivalent 
to using only operators involving the space 
coordinates and the 7;’s. If we do this, the 
results of method (3) must become equivalent 
to the usual theory (without r’s) which neglects 


*E. Feenberg and E. Wigner, Phys. Rev. This issue. 
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the spin. As a matter of fact, for approxi- 
mation (3), the introduction of 7 is entirely 
useless and it is taken up here only in order to 
establish the transition from approximation (1) 
to (3). 


> 


The interaction in the electronic shells of 
atoms is a sum of terms containing two particles 
only and the momenta is no higher than the 
second power. The reason for the first is, that 
the interaction occurs through a field and this 
gives in first approximation only interaction 
between two particles. The reason that one can 
stop with the second power of the momenta is 
that these always enter in the combination p/ mec 
which is a small quantity. 

An advantage of introducing the variable + 
is** that one can take over these assumptions 
to nuclei. If one does not use the variable 7 the 
interchange of two particles if expressed as a 
power series of the momenta is an infinite series® 


(x2—2%1)"'(Ve— ¥1)"*(S2—21)"3 
aqngns n;!no!n3! 
0 0 ng 0 0 m2 0 0 ne 
<~ “ ( . ) | 
OX, OXe Ovi 02, OZ 
However, it can be expressed by means of 
Dirac’s identity also entirely without the mo- 
menta by means of Eq. (5). It must be admitted, 
however, that the spin cannot be considered to 
be small as in the atomic theory. We shall 
forms between 


OVe2 


determine here all interaction 
two particles which do not contain higher than 
first power terms of momenta’ as far as the de- 
pendence on s and + goes. Nothing can be said, 
of course, on the dependence on the distance, 
and this factor will be omitted hence. It seems 
to be of lesser importance for the present. 

The interaction must have spherical sym- 
metry, depending on the differences of coordi- 
nates and momenta only, be invariant under 
inversion, substitution of —¢ for ¢ and also be 

5 J. A. Wheeler, Phys. Rev. 50, 643 (1936). 

6 Some of these were given previously by Cassen and 
Condon, reference 3. The expressions given here are in- 
variant only under Galilei transformations. G. Breit has 
shown that, in order to ensure relativisti¢ invariance, 
correction terms must be added to the expressions derived 
here. 
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symmetric in the particles. The first require- 
ments determine the dependence on s, x and p. 
From the two triples of spin operators, one can 
form two invariants 


I 


(4) L;and (2’) 34+3(S2iSr24+SyiSy2+S21822) =Qir2 
three axial vectors with Z components 


Sor — S22; 5x18 


y2— Sy1Sz2, 
respectively, and one axial tensor, with com- 


ponents 


(t)  SziSyo+SyiS22}  SyiSz2FSziSy23  S2iSz2 45215223 


$2189 —SyiSy2 3 S21Sra-SyiSy2— 2521822. 


The first two of these, (7) and (z’), can be used 
as they stand, cannot be combined with first 
power expressions of p, however, since. these 
change sign under the ¢/= —¢ substitution. The 
last one (¢) gives the familiar expression 


“wr 


is ) (S112) (Se* 12) —3(81°S2)% 12" 


if combined with the similar tensor of the 
coordinates.’ It cannot be combined with the p 
either. The middle one must be combined with 
the vector ~:—2 which gives a useless axial 
invariant and tensor and an ordinary vector. 
This combined with the distance vector gives the 
familiar 


(za) (2b) (2c) X1—Xe vi-Ve 21-22 


Ppra-—pr2 Pyi-pyz pui-p2 


Here s., Ss), S$: can be the components of one of 
the three vectors (v). On the whole, we have 6 
invariants. These invariants can be multiplied 
with one of the six expressions in +r which 
commute with 771+ 7,2. These are, first of all 

(to) —3—3(ti- 72 =P Q2 


(ro) 1 and 


which give the same interaction between all 
pairs of particles. In addition to these, we have 


(71) +3 rritze and (t2’) »(re1= Tee). 


The first of these gives ordinary interaction but 
only between like particles; the second gives a 
negative interaction for proton pairs, a positive 


7 (it) has the property that it is identical with Q,(77). 
It is an interaction which shows saturation. 
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for neutron pairs, none for unlike particles. 
These interactions are symmetric in the particles 
and can be combined with (7), (7’), (7’") and (7a), 
giving in the whole 16 different forms. 

Finally we have 


(T2) Trim Tre and (72) 3 (Te1T—2— TH TE2), 


which can be combined with (7b) and (ic) giving 
4 more types of interaction. 

In approximation (1) we can have only (2)( 79) 
and (7’)(ro’), ie., ordinary and Majorana ex- 
change forces. 

In approximation (2), all 8 forms derived from 
(ro), (ro’) and (z) (2’) (#”’) and (ta). These are, 
in addition to the previous ones, spin-spin 
(¢’’)(ro), spin-orbit (¢a)(7o) ordinary forces, 
Heisenberg forces (7)(79’). Furthermore spin- 
spin exchange forces (7’’)(ro’) and spin-orbit 
exchange forces (ia)(r9’) of the Heisenberg type. 
The Majorana exchange forces of these types are 
identical with the ordinary forces. Finally, we 
have the spin-exchange forces (7’) (79) of Bartlett.* 

In approximation (3) we must permit accord- 
ing to the preceding section, in addition to those 
of 1, only (¢)(7:) and (2)(71’), allowing for 
different interactions between different kinds of 
pairs. The coefficient of (z)(71’) is certainly very 
small, the proton-proton interaction being very 
nearly equal to the neutron-neutron interaction. 

In approximation (4), all 20 types become 
possible. 


? 


e] 


We next go over to approximation (1), and 
try to define the analog of the multiplet system. 
This can be defined in two ways: either by con- 
sidering the functional dependence of the wave 
functions on the spins or else by considering 
their dependence on the space coordinates. We 
shall first consider the spin function.® 

The great difference between the ordinary spin 
and the spin considered here is that we have, for 
every particle, two spin coordinates s and 1, 
giving in the whole four different sets of values 

’ The content of this section is baséd on the fundamental 
mathematical works of E. Cartan, Bull. Soc. Math. de 
France 41, 43 (1913). J. de Math. 10, 149 (1914); I. Schur, 
Berl. Ber., pp. 189, 297, 346 (1924) and particularly, 
H. Weyl, Math. Zs. 23, 271 (1925). I attempted to compile 
in this section—often without giving rigorous proofs— 


those results which suffice for the discussion of the physical 
problems in question. 
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—1, —1; —1,1;1, —1;1, 1. Instead of two two- 
valued spins, one can introduce one four-valued 
spin », which has the values 1, 2, 3, 4 for the four 
different doublets of values of s and +, respec- 
tively. This » plays the same role which the two- 
valued spin plays in the ordnary spin theory. 
However, because of the four-valuedness of n, 
instead of the representations of the two-dimen- 
sional unitary group (or the equivalent three- 
dimensional rotation group), the representations 
of the four-dimensional unitary group will char- 
acterize the multiplet systems. 

Since the Hamiltonian does not contain the 
spin coordinates, any transformation which 
affects only these, will bring a characteristic 
function into a characteristic function. We can 
consider first, the permutations of the ; and 
second, simultaneous unitary transformations of 
all the »: 


RwW(m, +++, M2) = > Uy, 9, Uy 0,°° * Uy On 


J 
XW(d1, +++, On). (6) 


We can first define something analogous to the 
Z component of the spin momentum by con- 
sidering the u's of the type 


U\ G1, $2, $3, $4) = . cay 
0 0 e'¥s 0 


0 0 0 e*es 


These operations all commute and, hence, a 
system of functions of the 7 can be found, the 
members of which are merely multiplied by 
constants if an R, with u of the form (7) is 
applied to them® 


(eg: go¢ae,) EF 
R« FiP2aea *wimouseg(1* * * Mn) 


— ae ritpe co+use3t e4) Ky N 
= etmigitusgetusestHies) FY, pousuy. (3) 


The » must be integers in this equation, they 
will be called diagonal quantum numbers. The » 
serves only to discriminate between different 
functions of the » with the same diagonal 
quantum numbers. 

® The Fyiyousue(m-***mn) are zero for every set min2***1n 


of the n, except for those sets in which «, of them have 
the value 1, exactly wu of them have the value 2, and ys 
of them are 3. Then ys of them will be equal to 4. Other- 


wise they can be arbitrary and will still satisfy Eq. (8). 
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Since u(y, ¢, ¢, ¢) with four equal ¢ is only 
multiplication with e‘*, because of (6), Ry, is 
multiplication with e'"*. It is, on the other hand, 
multiplication with e':¢*#2¢+#s¢+#s9) which shows 
that all possible systems of diagonal quantum 
numbers satisfy the equation 


Miteetustus=n, (9) 


where 7 is the number of variables 7. There is a 
simple connection between the diagonal quantum 
numbers and the Z component of the spin 
momentum S. One obtains it by considering a 
rotation of the spin coordinates around Z by ¢, 
the matrix of which is of the form (7) with 
¢1= ¢2= — ¢3= — ¢s= —3 eg. Under the influence 
of the corresponding R,, the wave function will 
be multiplied by e*S:* which gives 


S.= 3305.2 = 3 (ustus—me— m1). (10a) 
k 


The }$ before the s., enters because the usual 
definition of the Pauli-matrices is 1/2 of that 
given in (4). 

Similarly, we have 


Ty = 20 tre = 3 (us — mst oe — m1) (10b) 
k 


and we define also a 


Vy = 22 Santee =2(us—ms—Metmi). (10c) 
k 


The quantum numbers S,, 7;, Y; can be called 
magnetic quantum numbers. They determine, 
together with m, the uw uniquely. Their im- 
portance for spectroscopic considerations is the 
same as that of the single ordinary magnetic 
quantum number in atomic spectroscopy; they 
can be easily found simultaneously for all states 
of a multiplet. 

Several states with different magnetic quantum 
numbers form sets ‘“‘multiplets’’ which always 
have common energy. These sets contain in 
atomic spectroscopy one state with every mag- 
netic quantum number from a maximum, S, 
to —S. We must find the corresponding sets for 
four-valued spin. 

The multiplet will be denoted by the highest 
set AyA3AcA; of u which occurs in it. The set 
A4sAsAeA, is called higher than the set psysuous 
if either Ay>ws, or if Ag=yws but As>ys, or 
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finally, if Ay=4, A3=mus but As>we. The reason 
for several states with different diagonal quantum 
numbers being united into the same multiplet, is 
that they are transformed into each other by R., 
the u of which have not the form (7). Instead of 
the A, we can use for the characterization of a 


multiplet also 


S=}3(Ay+A3—As—A)), (11a) 
T =3(Ay—As+A2—A)), (11b) 
Y=3(Ay—As—Ao+A)), (11c) 


which togéther with A,s+A3;+As+A,;=” com- 
pletely determine the A. 

The character of the multiplets is for the four- 
fold spin not as simple as for the twofold spin. 
While the latter ones can be represented by the 
points on a line from —S to S, the former ones 
must be represented at least in a three-dimen- 
sional space, giving the possible S., T;, Y; 
values and their multiplicities. This is necessary 
because it is not true any more that every com- 
bination of S,7;Y; occurs only once. The multi- 
plicity of every S.T;Y; is the same as that of any 
permutation of these numbers and also that of 
—S,—T;Y;; —S.T;—Y;;S.—T;—Y;. The figure 
of the multiplet has, therefore, tetrahedral sym- 
metry in the S,7;¥; space. Using S,7;Y; has 
the advantage over using the A that the multi- 
plets for n=1, 5, 9, 13, are represented by the 
same figures. The quantum numbers are all 
half-integers, the occurring S,7;Y; combinations 
form a face centered lattice for which S,+7;+ Y; 
is of the form 2k—1/2. These figures, reflected 
in any of the planes 7;¥;, Y;S., S.T;, give the 
multiplets existing for m=3, 7, 11, ---, the 
face centered lattice being characterized by 
S.t+7;+Y; having the form 2k+1/2. The 
quantum numbers S,, 7;, Y; are integers for 
even n. Their sum is even or n=4, 8, 12, ---, 
odd for n=2, 6, 10, ---. 

In order to find the figures for the multiplets, 
one must know how many states with a certain 
M4é3uou1 COMbination are present in the multiplet 
(AgAsAeA1). We shall denote this number by 


( Sed 
M4h3Meoh1 


The calculation of the quantities (12) is im- 


(12) 
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portant for the following section also. The 
simplest interpretation of (12) is obtained by 
considering the subgroup of the unitary group 
formed by the matrices (7). The symbol (12) 
denotes how often the (one-dimensional) repre- 
sentation e': #1 t+#2¢2+#s 9374 ¢s) Occurs in the repre- 
sentation of the total unitary group which is 
designated by (A4yA3A¢eA)). 

The symbols (12) are defined only if A:+A:2 
+As+tAg=watustuetus, Ag=Azg=—Ag=Ai=—0 
and since a permutation of the u does not change 
the value of (12), we can assume also py=p3=p2 
=y,=—0. The value of (12) is 0, unless Ay=py 
since A, was the greatest » of the multiplet. 
In addition to this, (12) vanishes unless" 


Ag—pa; AgtAs—pmstus; 
Ag+As+As=—pstustue. 


(13) 


The last of these can be written also as 
A,=. There are several ways of evaluating (12). 
One of them is to consider the matrices » which 
correspond to a three-dimensional unitary trans- 
formation of the » values 1, 2, 3 only. The 
representation (A,A3A2A;) contains all those 
representations (A3’A’A,’) of the three dimen- 
sional unitary group exactly once for which 


Ag=A3/=As > Ae’=As=Ay’ + 7m (14) 


Thus the quartets of diagonal quantum numbers 
of (AsA3A2A,) are those of all (A3’A2’A,’) satisfying 
(14), together with the last diagonal quantum 
number A4y+A3+Ao+Ai—A3’—Ae’—A;’. After 
this, we can reduce the representation of the 
three-dimensional unitary group to a two-dimen- 
sional: in (A3’Ae’A;") those (A9’’A;") will occur 
for which 


A;’ + ge 7 Py Bis” a (14a) 


Finally (A2’’A,”) contains the pairs of diagonal 
quantum numbers A2”’,A;’’;\ Ae’’—1,A,"+1; 
A,” —2, A,’’+2: ceed A". Ae”. 

For instance, in order to find the multiplet 
(3110) we can calculate (3110)=(311)0 
+(211)1+(111)2+(310)1+(210)2+(110)3. 
It suffices to obtain those quadruplets of 4» which 
are in a descending order. The others can be 





10Similar formulas hold also for symbols of the kind 
(12) with more than four A’s. They can be proved by an 
argument similar to that of the next section. 


obtained then by permutation. We can omit 
hence the underlined ones. To reduce further 


(3 11)=(3 1)14+(2 1)2+-(1 1)3 
(211)=(2 1)14+(1 1)2, 


(3 10)=(3 1)04+-(2 1)14+-(1 1)2+(3 0)1 


+ (2 0)2+(10)3. 


This gives the uw systems 3110, 2210,2111, 
2111, 2111 and their permutations. In the 
language of the magnetic quantum number 
expressed, the multiplet (S, 7, Y) = (3/2,3/2,1/2 
contains S,=3/2, T;=3/2, Y;r=1/2 once, 
5,;=3 ra T;=1 ‘3 Y;= —1/2 once, S,=T; 
= Y;=1/2 three times. In addition to these, all 
permutations of these and those triplets in which 
any two of the S,7;¥; are replaced by their 
negative values. The multiplet is shown, along 
with some other ones, in Fig. 1, it is the third one. 

According to the general theory® the wave 
functions of the multiplet A,AsAeA, belong with 
respect to interchange of the » to the representa- 
tion of the symmetric group which is charac- 
terized by the partition Ay+A3;+Ae+A,=n. 

It has been shown by Slater" for atomic 
spectra that the knowledge of the structure of 
multiplets enables one to determine the numbers 
and characters of the terms whch arise from 
any configuration. The same is true in principle 
for nuclear spectra. The difference is that instead 
of the two-dimensional plot of occurring L,S, 
values, one should prepare a four-dimensional 
plot of L.S.7;Y; values. Or perhaps for every 
L,and S,a two-dimensional plot of the occurring 
T;Y; values. For every L, these plots must be 
decomposed into S,7;Y; combinations which 
form multiplets. After this, the LZ, values for 
every multiplet must be grouped together into 
sets ranging from —JL to L thus obtaining the 
azimuthal quantum member. 

The most practical procedure along these lines 
which I could find was one using the A and the 
diagonal quantum numbers. A state with 
protons and ye neutrons with spin —1/2 and yu; 
protons and yu, neutrons with spin 1/2 is a state 
with the diagonal quantum numbers pj popsus. 
One first makes a plot of the occurring pious 
values for every L, and yy. For this purpose, one 
draws an equilateral triangle with the altitude 

uJ. C. Slater, Phys. Rev. 34, 1293 (1929). 
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w 


Fic. 1. Every set of figures represents a multiplet, the STY sign of which, together with one corresponding Aq+As 
+A.+Ai, is given on top. Every circle represents a S,7;Y; state, Ty is given below the figure. Y; and 5S, are the co- 
ordinates of the circle, the origin of the coordinate system being at the center of the figure, the Y¢ axis runs to the right, 
the S, axis downward. The numbers in the circles give the number of states S,7; Y; in the multiplet. The distance between 
two adjoining circles on a horizontal or vertical is 2. The multiplets with half integer STY correspond to elements with 
masses 4n+1. The multiplets for masses 4n+3 are obtained from these by reversing the direction of the Y¢ axis. The 
sign of Y must be changed also. The 2 at the center of this figure should be replaced by a 3. 
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Mitme+tus=n—uy. The point which has the 
distances 41, “2, us from the three sides of the 
triangle, respectively, will correspond to a state 
with the diagonal quantum numbers y1, pe, ws 
and wy="—ui—Me—w3. Every plot forms a 
representation of the three dimensional unitary 
group. The irreducible representations of this 


s 


group are rather simple, their plots are shown in 
Figs. 2a and 2b: the combination ujpeu3 occurs in 
Ay! Ao’ A’ 


As’Ag' Ay’ 
( )=14Min (A3’ — ys, 
M3é2/1 


As’ + Ae’ —us— pe, As’ — Ag’, Ae’ — Ay’) (15) 


times, where Min (a, 8, ---) is the smallest of 
the numbers a, £, if they are positive and 
equals —1 if any of them is negative. 

One can decompose the pipeu3 plots for every 
L; into irreducible characterized by 
(A3’Ao’A;’) (the primes on the A are omitted in 
the figure). Having obtained the number of 
(A3’Ao’Ay’), one unites these for every L, sepa- 
rately into total multiplets (AyA3A2A,) accord- 


plots, 


ing to 


(AgAgAeA) = > (Ag/Ao’ Ay’). (16) 


The limits of summation are given in (14). 
Finally the L, values for every (AyA3A2A;) are 
united separately to total azimuthal quantum 
numbers L. On the whole, the procedure is much 
more cumbersome than the analogous one for 
atomic spectra. It has the disadvantage also, 
that one first obtains the highest multiplicities, 
which have the highest energies. 


4 


An alternative method which leads much more 
rapidly to the goal is to consider, for the time 
being, only the dependence of the wave function 
on space coordinates. This method was worked 
out for atomic spectra by the present author and 
Delbriick” before the spin theory of Pauli was 
known. One considers first again the possible 
configurations i.e. the distributions of the par- 





2E. Wigner, Zeits. f. Physik 43, 627 (1927); M. Del- 
briick, Zeits. f. Physik 51, 181 (1928). Eq. (19) of the 
former and (14) of the latter give an explicit expression 
for (20) in the case all \ and yu are 1 or 2. Only this case 
occurs in ordinary spectroscopy. A similar expression would 
be too complicated if the \ and uw can be 3 and 4 also. 
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ticles into the different states, without, however, 
taking into consideration the spin. For every such 
state one determines the L, (or my, as it is often 
called) as the sum of the 7, of all the particles. 
Next one determines how many terms with a 
certain partition A,+A,-1+-:-+A;: this con- 
figuration gives. Finally, one considers the states 
corresponding to every partition separately and 
unites states with L, from —L to L into a total 
multiplet with azimuthal quantum number L. 
These steps performed, one has all one is 
interested in for approximation (1): the multi- 
plicities and azimuthal quantum numbers of 
every term. For later work, it is still necessary 
to know how to complete the wave functions 
depending on coordinates alone, by functions 
depending on the spins, to total wave functions. 
Since the total wave function must be anti- 
symmetric, the space-coordinate wave function 
and the spin function used for the completion 
must have adjoint characters, i.e., belong to two 
such representations the matrices of which are 
equal for even, oppositely equal for odd permuta- 
tions. The adjoint partition to the partition 
4+4+---+1 with m, fours, m3 threes, m2 twos 
and m, ones is the partition Ay+A3+Ae+A, 
where 
Ag=Mgtn3gtnmotn, Ag=m4+n3+%N, 
(17) 
A3=n4+Ns3, As=«. 


Thus, e.g., the partition 4+3+2+2+2+1 for 
the spacial wave function is equivalent to the 
partition 6+5+2+1 for the A, or to the STY set 
(410). 

The step which involves the difficulty for this 
procedure is to determine how many terms with 
a certain partition A,+A,-1+-:-+A; a con- 
figuration gives in which there are y; particles in 
the first, ue in the second, etc., yu, in the v-th 
state. We consider the wave function 


¥1(41)¥1(%e) alg *Wi(Xu1)Weo(Xu141)° ° * Wo(Xui+us) 


*W3(Xurauogi)'**Wr(Xn) (18) 


together with those arising from (18) by a 
permutation of the x. There are n!/y;!ue!---y,! 
of these. Under a permutation of the x they 
naturally transform among themselves, the corre- 


sponding (reducible) representation of the sym- 
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Fic. 2. Every circle corresponds to a triple u:u2u3, these 
numbers being the distances of the circle from the three 
sides of the equilateral triangle, surrounding the figure. 
The number in the circle tells how often the corresponding 
set of w’s occurs in the representation characterized by 
(AsAoA}). Fig. 2a holds for A3—Ao=Ao— A}, Fig. 2b for 
As—A2A2—A, (the first is actually the multiplet (9 4 2) 
the second one (8 6 1)). In both cases the boundary hexa- 
gon contains one’s, the next two’s and so on until the 
hexagon reduces to a triangle. The u sets within the tri- 
angle occur all equally often in the representation: A,—A, 
+1 times in the first, A; —A.+1 times in the second case. 


metric group will be denoted by [w,m,~1° + +m: ]. 
Upon decomposing this into irreducible repre- 
sentations 


ApAp—at Ag 
or ‘wha TD | Jor -*\i), 
XN MoMy—1°* M1 (19) 


the coefficients (some of which occurred previ- 
ously in (12)) tell us how many terms with the 
partition A,+A,-1+-:-+A, the configuration 
gives. We shall arrange the u again in a descend- 
ing order wy= wy—-12 +++ 2120. 

Only those partitions \,+A,-1+°--+A; will 
correspond to real terms in which none of the A 
is greater than 4. This must hold then, because of 


(13), for the uw as well: no orbit can be more than 
four times occupied. One can even omit for the 
calculation of the coefficients all the fourfold 
occupied states, i.e., drop all the ~=4, since 
because of (13), the \ above a 4 must be a 4 
also. 

In the p shell, there are only three states 
l.=—1, 0, 1 and the coefficients of interest are 
therefore of the form (15) (if the partition con- 
tains only two addends, a 0 can be affixed for \,) 
and they are explicitly given in (15). One must 
only arrange the u in descending order. 

In this case the calculation is especially simple. 
For instance, for 3 particles we have the ten 
configurations of Table I. The figures below the 
l, values give the number of particles (u) in this 
state, the figure below L, is the total L,, the 
last columns give the number of terms with 
the partitions 3 or (3+0+0) and 2+1 (ie., 
(2+1+0)) which this configuration gives. This 
gives F and P terms with the partition (3) and 
D and P terms with the partition (2+1). Table 
II, reference 4, was prepared in this way. The 
adjoint partitions to (3) and (2+1) are (1+1+1) 
and (2+1), respectively, the ST Y characteriza- 
tion is (3 }—34) for the former, (3 44) for the 
latter. There is in addition to these, one S term 
of the multiplicity (3 3 3). 

In the general case the explicit formulas for the 


[Ap Apna App °** As 
( ) (20) 

My Me-1 My-2 *** Ml 
are too complicated. A useful way of evaluating 
(20) starts from another interpretation of (20) 
than given in (19). For Frobenius’ reciprocity 


theorem" one considers the subgroup which con- 
tains the permutations of the first yu; elements 


TABLE I. The ten configurations for 3 particles. 


l=-10 1] Le |(3) 24+ /lp=-10 1| LZ, 3) (241) 
300 —3 1 10 2 1 1 1 
210; —2/}1 1 030 0 1 a 
201 —1 | 1 021 1 1 1 
120; —1 1 1 te. 2 1 1 
. 2 ¥ 0 1 2 0 0 3 3 1 


18G, Frobenius, Berl. Ber. 501 (1898). The reader will 
find a straight forward proof in H. Weyl’s Gruppentheorie 
und Quantenmechanik (Leipzig 1928), first edition, p. 254. 
The proof in the English translation by H. P. Robertson 
(London, 1931), pp. 332-338, is more abstract. 
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among themselves, the next pe elements among 
themselves, etc. and all the products of these per- 
mutations. Then (20) gives the number, how 
often the unit representation in which every 
element of the subgroup is represented by the 
“matrix” (1), occurs in (A, +A,-1+-+:+A,), if 
this is considered as a representation of the 
subgroup. This is, however, also the number of 
times the adjoint (AgA3AeA1), 
again considered as a representation of the sub- 


representat ion 
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group, contains the “‘antisymmetric”’ representa- 
tion, in which every even permutation is repre- 
sented by (1), every odd by (—1). If we denote 


this by 


~  AgAgAeAy ApAp—1°**) OA 
|-( ) (21) 
MyMy—-1°** Mi Rofiy.g*** fy 


(21) expresses Frobenius’ theorem. The A are 


defined in (17). 


The expressions (21) can be calculated by recursion formulas. If u4,=4, we have 


AgAgAoAy 
$0 wyare 


Ho 
M1 My-1 


As—1 <As—!1 


j . A,-—1 
(22a) 
a0 ** oo ous 


By means of this formula, one can get rid of all 4 among the u. If u,=3 


[ AyAgAoAy A,—1 <As-—!1 


be moans al 





"Ag A3 Ae—1 Ay 
[| 
My—-1 My—2°** Mi 


Ay—1 As—1 Ag ~) 


After a sufficient number of reductions of this type, there will be only 2’s and 1’s among the u. If one 
of the [ ], occurring in the right side of (22b) contains a negative number in the upper row, or a 
number which is greater than the preceding one, the whole [ ] is zero. To get rid of the 2's 


AygAgAeAy Ay As Ao—1 A,-—1 Ag 
+| 
2 feiss ft fr—1  My-9° °° M1- My 
Ay <A3-—1 \o—1 A, Ay—1 
+| ‘| 
~-My—1 My—2 Ky bt 1 My 





A3—-1 Ao A,-—1 Ay-1 A3 Ae A,-—1 
My-1 My-2°°** Mi 


If all the «= 1, which will be true after some reductions of this type, one can use a formula analogous 
to the previous ones. It is quicker to notice that (23) is the dimension of (AyAs;A2A,) and hence 


“gage (Ay+A3+Ao+ Aq) "(Ag +3—A,)(Ag+2—Ac)(Ay+1 — A3) 


11--- 1. 


One will use the formulas (22), (23) very rarely. 
In most practical cases, the calculation of the 
coefficients (21) is greatly facilitated by special 


conditions. 


uw 


We can go over, now, to approximation (2). In 
this approximation the Hamiltonian will be 


(Ay+3) '(Ag+2) !(Ao+1) !Aq! 


Nm 
w 


-(A3z+2—A,)(A3+1—Ae)(Ao+1—<A)). { 


invariant with respect to all operations involving 
r only. Since + has, mathematically, the same 
properties as the ordinary spin variable, we shall 
have the analogs of the quantum numbers L and 
S of ordinary Instead of the 
azimuthal quantum the common 
spectroscopy, we have the total quantum number 
J, since the spin forces are taken into account in 


spectroscopy. 
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approximation 2; instead of the total spin, we 
have an isotopic spin 7. Of course, the interaction 
of J and T in the higher approximation 4 will be 
entirely different from the interaction between 
azimuthal and spin quantum numbers of ordinary 
spectroscopy. Above all, the resulting angular 
momentum J will be a good quantum number in 
all approximations. 

The existence of a total isotopic spin means 
that terms with different ¢ components of the 
isotopic spin have the same energy in approxi- 
mation 2. These are, of course, terms of different 
isobaric nuclei, and a total isotopic spin 7 will 
be a term with the same binding energy for all 
nuclei with isotopic numbers from —T to T. 
This shows that to every term of an element with 
a certain isotopic number 7;, terms of all ele- 
ments with smaller isotopic numbers will corre- 
spond. The element with the smallest isotopic 
number (”p=ny for even masses, p= ny +1 for 
odd masses) has the greatest number of terms. In 
approximation 4, the equality of these term 
values will cease to hold and the Coulomb energy, 
already, will introduce a splitting. 

If one is interested in the number of terms of 
approximation (2), arising from a certain con- 
figuration, one can use the ordinary Hund- 
Russell-Saunders method to determine these. 
The only difference is that the ‘orbits’ contain 
the ordinary spin quantum number already and 
one has, therefore, for instance, six p states, with 
Z components of the angular momentum 3/2, 
1/2, 1/2, —1/2, —1/2, —3/2. Everyone of these 
six states can be doubly occupied, with a particle 
7=1 and r= —1 (neutron or proton). The half 
sum of the + is denoted by 7; and the different 
T; from —T to T united into a multiplet. The 
number of terms, arising even from a simple 
configuration, is very great, however. 

It is more important, perhaps, to consider the 
terms into which a term of approximation (1) 
splits if we introduce the spin forces and thus go 
over to (2). The transition from approximation 
(1) to (2) can be performed in two steps: first 
disregarding Y;, every multiplet goes over into 
several multiplets which still have an S and T. 
One obtains these by simply projecting every 
point of Fig. 1 into the S,7; plane. This is done 
in Fig. 3 for the multiplet (3/2, 3/2, 1/2) as an 
example. We see that it gives one term with 
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S=3/2, T=3/2, one with S=3/2, T=1/2, one 
with S=1/2, 7=3/2, and one with S=1)/2, 
7 =1,2. The second step, then, is to combine the 
S's with the azimuthal quantum number L to 
J’s, according to the vector addition model. 

It would be very important to know experi- 
mentally the relative separation of the terms 
which arise from the same approximation 1 
term, since this would allow us to tell which of 
the 6 possible interactions, given in Section 2, 
describes the spin forces. 

Fig. 4 shows what can be expected in approxi- 
mation (2). Every figure corresponds to a set of 
isobars. The abscissa is the isotopic number, the 
ordinate the total energy. Every line corresponds 
to a term of approximation (2) all lines arising 
from the same term of approximation (1) are 
grouped close together. The ST Y symbol of this 
term is given on the right, it is, of course, the 
same for all the group. The 7 of the term is 
represented by the length of its line, so that the 
term exists for elements with those isotopic 
numbers 7, over which the line extends. The 
number on the left of the line is the S, charac- 
terizing its spin after the first step in the transi- 
tion from approximation (1) to (2) is performed. 
This S will be the total angular momentum J of 
the nucleus, if the azimuthal quantum number 
was zero, which will be very frequently the case. 
The energy of the approximation (1) term is esti- 
mated on the basis of Eq. (8), reference 4. This 
estimate gives the same value for all terms of 
the same configuration with the same multiplicity 
STY which is, of course, only approximately 
true. We are interested, of course, only in the 
lowest term of every multiplicity. The distances 
between the lines of the same group have no 
significance. 

We see that in several cases the approximation 
(2) terms extend over several isobars and the 
question of the most stable isobar will be decided, 
hence, only in the next approximation. We may 
assume that the most important term in the next 
approximation is the Coulomb energy." This will 


4 The most stable isobar has the smallest mass, not the 
greatest binding energy. For the consideration of the 
stability, therefore, Ty times the mass difference between 
neutron and H' should be added to the total energy. This 
will cause the lines of Fig. 3 to slope upward to the right. 
This slope is soon overcompensated, however, by the oppo- 
site effect of the Coulomb energy. 
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decrease the binding energy of the nuclei with 
negative 7;, compared with the binding energy 0° : 
° . es 7 . ° 
of nuclei with positive 7; and cause the hori- i $$ SSS] —— 88 
° - 2 ° 
zontal lines of Fig. 4 to slope downward to the 
right. The slope will be very roughly proportional 
to the 2/3 power of the charge. e . 
rm. . . 0; : (11-1) 
This slope will have the most noticeable ' tp) 
effect for isobars with masses 4n+2. While for 
small charge, the point a is most stable, beginning ° (100) 
‘ 18 > i "1 7. > ef: > - 4 4 ” > 
at O , the point 0d will become stable. s — — 2 , : 7% 
We can proceed even to higher elements, by ; 
. . . . ) 
successively increasing the slope of the lines more 
and more. For elements 4”, if the slope becomes Masses 4” 
3/2, in the arbitrary units of the figure, the point ,? 
. ™..: ' (244 
b will become most stable. This happens to be at 49 


A*®. The point ¢ never will become most stable, 
since } reaches a before c does. This seems to be 
the explanation why no nuclei of mass 4” with 
odd number of protons and neutrons exist. There 
are, however, radioactive nuclei of this type. 

The situation is very similar for nuclei with 
masses 4n+ 2. Here the critical slope is 2, when 
the point c reaches a. Again, point d is not the 
most stable for any slope, and there are (apart 
from a) no stable nuclei with odd neutron and 
proton number, for elements 4n+2 either. The 
slope 2 seems to be reached at Ti, later, of 
course, than slope 3/2. 

It should be mentioned that the whole Fig. 4 
will be compressed in energy scale as we proceed 


to higher elements, because the exchange integrals 
decrease. It has been shown by Bethe and 
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Fic. 4. The different kinds of multiplets are shown for 
elements with mass numbers of the form 4n, 4n+1, 
4n+2. The ordinate is the energy in arbitrary units. Only 
one term for every multiplet system is given, with a posi- 
tion on the energy scale corresponding to long range forces. 
The abscissa is the difference between the number of 
neutrons and protons, divided by 2. The circles correspond 
to stable nuclei, the squares to unstable nuclei. 
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Bacher that this happens in discontinuous 
steps, corresponding to the completion of shells. 
There is, therefore, an increased probability for 
the slope to pass a certain amount in the regions 
where shells are completed. 

In case of elements with mass numbers 4n+1 
and 4n+3 we obtain the same picture. First, the 
point @ is most stable, at a slope 3/2 the point b 
reaches a. This seems to happen at Cl*? and 
Ca, respectively, quite in the neighborhood of 
A®. For the slope 2, the point ¢ passes b and 
Ti*® and V* become the stable isobars. These are 
near indeed to Ti®®. This explanation of the 
places where the isotopic number of stable isobars 
shifts to higher values works rather better than 
could be expected and the agreement is beyond 
doubt, partly accidental. 


6 


As a last point, I should like to establish the 
connection between approximations 1 and 3, i.e., 
determine the terms into which an STY term of 
approximation (1) splits if one introduces, as a 
perturbation, the difference between proton- 
proton, proton-neutron, neutron-neutron inter- 
actions, neglecting, however, spin forces. 

The operator 


i (S2i( 1+ tr1) +522(1 4+ 772) + °°: 
+5 on(1+7¢n)) =3(S.+ Yr) = Si (24) 


gives theZ component of the neutron spin angular 
momentum, since 1+7; gives 0, if applied to a 
proton state. Similarly 


*(sai(1 — Tr1) +522 1 — Tra) + eee 
+5en(1—7en)) =3(S:— ¥r)=S.p (24a) 


gives the Z component of the proton spin angular 





1H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 
82 (1936), Section VI. 


momentum. If we go through all the points of 
Fig. 1 for a certain Ty and insert their S,y and 
S:p values into a table, one can unite the points 
of the table in the normal way to a SySp mul- 
tiplet."° The azimuthal quantum number is, of 
course, unchanged by the transition from ap- 
proximation (1) to (3). 

If the proton-proton forces are assumed to be 
equal to the neutron-neutron forces, the SySp 
term will coincide in case of equal number of 
protons and neutrons with the SpSy term, if 
Sy # Sp. In the work of reference 4, these terms 
were given as one term. The values of the 
multiplicities 2Sy+1, 2Sp+1 are given in Fig. 1 
below every T;. 

We may consider, as an example, the 
(3/2 3/2 1/2) multiplet, given in Fig. 1. Below 
T;=1/2 
means that for an element of the mass 4n+1 
with 7;=1/2 (e.g., C"), certain states in which 
the neutrons are in the doublet, the protons in 


we have the three pairs 23, 41, 21. This 


the triplet state, exactly coincides in approxima- 
tion (1) with a state in which the neutrons are 
in the quartet, the protons in the singlet state, 
and with another state in which the neutrons 
are in doublet, the protons in the singlet state. 
It may be added that the binding energy of these 
states is equal in approximation (1), to the 
binding energy of a hypothetical B™ nucleus 
(T;=3/2) in which the neutrons are in the 
triplet, the protons in the doublet state. In 
reality, all these states will be unstable for isobars 
with the mass 13, because of the comparatively 
high position of the (3/2 3/21/2) multiplet in 
Fig. 4a. The example is thus, perhaps, not a 
very fortunate one but it illustrates the kind of 
regularities to be expected more clearly than 
a simpler case. 


16 Instead of this, one can simply turn the corresponding 
level in the diagrams of Fig. 1 by 45°. 
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Measurements of the absolute photoelectric yields for distilled surfaces of Mg, Be and Na 


were made and values of @ in Fowler’s photoelectric equation determined. For Mg, Be and 


Na the values of the work function are, respectively, 3.68, 3. 


3.92 and 2.29 volts and of a, 3.2, 


25 and 180X 10~* cm? sec./quant. These values of a range from 10~ to 1078 of the maximum 


theoretical values. The ratios are interpreted as the fraction of light absorbed by the electrons 


in the surface potential barrier. 


INTRODUCTION 


OWLER'’S theory of the surface photoelec- 

tric effect in metals leads to the following 

equation! for the saturation current J excited by 
unit intensity of incident light of frequency », 


I=aAT*¢(x), (1) 


where g(x) is a universal function of the quan- 
tity x=h(v—v)/kT, A is the thermionic constant 
having the value 120 amp./cm? deg.’ and a is a 
proportionality constant involving the probabil- 
ity of light absorption by electrons at the sur- 
face. Repeated experimental tests have shown 
this equation to hold quite accurately for reason- 
ably -wide frequency ranges in the vicinity of 
vo. It is evident, therefore, that within the 
frequency range for which the equation is valid, 
the photoelectric emission from any surface may 
be fully specified by giving the values of the two 
constants vo and a, which are quite analogous to 
the constants } and A in the Richardson thermi- 
onic equation. Fowler’s method has now become 
standard for the determination of photoelectric 
thresholds but very little attention has been 
given to the absolute values of a. It was the 
purpose of this investigation to determine values 
of a for various surfaces and for a single surface 
under various conditions. 

As has been pointed out by one of us,' simple 
considerations allow one to set an upper limit to 
the value of a for any surface and these con- 
siderations also suggest that unless additional 
factors enter, the values of a@ for different sur- 
faces should not be widely different. Thus if it 


* Now at Washington University, St. Louis, Mo. 
+See L. A. DuBridge. Actualités Scientifiques et Indus- 
trielles, No. 268 (Hermann and Cie, Paris, 1935). 


is assumed that all incident quanta are absorbed 
by electrons bound within the surface potential 
barrier the value of a should be 


m/ mh) (82 /3n)*8 ’ 
(2) 


where m is the number of free electrons per unit 
volume, and the unit of light intensity is taken 
to be 1 quantum/cm® sec. Since, however, the 
electrons bound in the surface field occupy a layer 
of only atomic dimensions and since the light 
penetrates into the metal a distance of the order 
of its wave-length one would expect that the 
fraction of the light absorbed by the surface 
electrons would be from 10~* to 10% of the inci- 
dent light. The ratio of the observed value of a 
to the value calculated from Eq. (2) might then 
be taken as a measure of this fraction. 

It should be stated, of course, that as more 
exact theories of the photoelectric effect are 
developed the exact interpretation of the quanti- 
ties entering Eq. (1), which is certainly a good 
first approximation, may be changed. Neverthe- 
less, these qualitative ideas aid greatly in 
interpreting results and from the experimental 
point of view a study of the values of a is of great 
importance. 

A further remark should be made in regard to 
the units in which the J of Eq. (1) is to be ex- 
pressed. In the paper J has been 
expressed in electrons/quantum rather than in 
units used in 


present 


amp./watt or other intensity 
previous work. This is because in these units the 
value of a has a clearer interpretation and also 
because the whole theory is based on the quan- 
tum picture. Actually, however, we can detect 
no systematic differences in the fit of the data to 


120 





ABSOLUTE PHOTOELECTRIC YIELDS 121 


the theoretical curve whichever units are used, 
except for slight differences in the threshold v» 
and, of course, in a. Cashman and Jamison* have 
recently come to the same conclusion though in 
their experiments the frequency range was such 
that the value of x ran up to only about 18, 
while our experiments extended up to x=50. 
Fig. 4 shows the fitting of data reduced both to 
amp./watt and to electrons/quantum. In this 
case the values of vo for the two curves differ by 
0.03 volt or by about 0.8 percent. 


PROCEDURE 


The metals used in this investigation were 
beryllium, magnesium and sodium, chosen 
mostly for their interest in connection with other 
work in progress here and elsewhere, and also 
because the work functions were sufficiently low 
to allow a fairly wide range of frequencies to be 
used. The very careful vacuum technique found 
necessary in previous photoelectric work was 
followed throughout to secure surfaces as free 
from contamination as possible. All of the metals 
were distilled in vacuum onto a glass or metal 
surface in the form of an opaque layer. When 
distillation of successive layers caused no change 
in photoelectric emission this was taken to mean 
that the surface was clean, or at least in a stable 
condition. 

The beryllium cell is shown in Fig. 1. The 
beryllium was held in a small spiral filament E 
which was coated with an insulating clay. It 
was evaporated, by heating of the filament, on 
to the inner surface of the metal cylinder C. 
The central tungsten filament F served as the 
anode. The opening of the cylinder and the 
quartz window Q were oriented in such a manner 
that the incident light suffered at least two or 
three reflections, thereby insuring the absorp- 
tion of a large fraction. 

For magnesium a cell of the double distilla- 
tion type was used and is shown in Fig. 2. The 
magnesium was enclosed in a small molybdenum 
box M, open at the front. Immediately behind 
it was a filament F of 10 mil tungsten which was 
used to heat the magnesium. From this point the 
magnesium was evaporated on to the nickel 


?R. J. Cashman and N. C. Jamison, Phys. Rev. 50, 568 
(1936). 
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Fic. 1. Beryllium photo-cell. 


disk N which was then turned around by an 
external magnet and the magnesium was driven 
on to the spherical surface G by heating the disk 
by electron bombardment. 

The sodium cell is shown in Fig. 3. The sodium, 
which had been initially distilled in vacuum and 
sealed off in small Pyrex pellets, was placed in 
the side arm A. The tungsten filament F, in the 
form of a loop, served as the anode. The sodium 
was evaporated into the main bulb by heating 
the two parts of the side arm with furnaces. 
Continued distillation of the sodium for three or 
four days produced surfaces which gave reason- 
ably reproducible results which are believed to 
be typical of rather clean sodium. 

Each photoelectric cell was baked for several 
days at high temperatures. The metal parts were 
then thoroughly bombarded, and a second bak- 
ing given the tube. The metal to be distilled was 
then heated to a temperature just below the 
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Fic. 2. Magnesium photo-cell. 
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Fic. 3. Sodium photo-cell. 


vaporization point for one to three days or until 
appreciable gas had ceased. The 
temperature was then very slowly raised to the 
point where an opaque layer was deposited in 
about 10 hours. Further layers were laid down 
on the first after each series of measurements and 
additional check runs were made by cleaning out 
the cell and depositing new layers. 

Energy measurements of the radiation emerg- 
ing from the slit of the Bausch and Lomb quartz 
monochromator were made with a Bi-Te vacuum 
thermopile constructed by Mr. J. P. Foerst of 
the University of Wisconsin after the design 
developed by the late Professor Mendenhall. 
By subtracting both from the thermopile and the 
photoelectric measurements the average back- 
ground radiation between spectral lines of the 
mercury arc, the effects of scattered light of other 
wave-lengths was effectively eliminated. In the 
measurements on sodium the continuous radia- 
tion from a projection lamp was used in addition 
to the mercury arc. In this case the slit widths 
were reduced to values so small that scattered 
light was unimportant, as was evidenced by the 
agreement between the arc and lamp data. The 
thermopile was calibrated in absolute units by a 
National Bureau of Standards standard lamp. 
In all cases the photoelectric cells approached 
the “black body”’ conditions so that practically 
all of the light incident was absorbed by the 
surface and no correction for reflection coeffi- 
cients need be introduced. 
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RESULTS AND DISCUSSION 


Typical Fowler plots for Mg, Be and Na are 
shown in Figs. 4, 5 and 6. The best values of the 
work functions and of a for clean surfaces of these 
metals are given in Table I: 

The value of 3350A for the threshold of Mg is 
in reasonably good agreement with the value 
3430 reported by Cashman and Huxford* for 
carefully prepared surfaces. 

In the case of Be no previous measurements 
have come to our attention. Inasmuch as Dr. 
Zworykin, of the RCA Victor Company, in- 
formed us that Be sensitized with O2 showed a 
rather high secondary emission we attempted to 
see whether such surfaces showed a high photo- 
electric yield. Short glow discharges in Oz: at low 
pressures, however, produced changes in thresh- 
old of only about 0.1 volt and a longer discharge 
at higher pressure desensitized the surface com- 
pletely shifting the threshold to below 2200A. 
There was no evidence of a condition of low 
work function, though the possibilities were by 
no means exhaused. 

The values found for the work function of Na 
by various workers are notoriously inconsistent.‘ 
The value found in this work for a distilled layer 
on glass was quite reproducible under the condi- 
tions of the experiment. It is in fairly good 
agreement with the theoretical value 2.35 volts, 
predicted by Bardeen,’ and the value of 2.4 
volts reported by Brady and Jacobsmeyer’® for a 
thin film on Al. It will be noted, however, that 
the sodium data do not fit the Fowler plots over 
as wide a frequency range as for the other metals, 
a point which is being further investigated. This 
is shown also in Fig. 7 where yields are plotted 
against \. For the other metals the data fit 
the theory for a range of x values of about 50, 
a much wider range than used in most previous 
experiments. 

The relation between the observed values of a 
and the values calculated from Eq. (2) can be 
seen from Table II, in which are listed also 
values reported by other workers. 


3R. J. Cashman and W. S. Huxford, Phys. Rev. 48, 734 
(1935). 

4See Hughes and DuBridge, Photoelectric Phenomena, 
p. 73. 
5 J. Bardeen, Phys. Rev. 49, 653 (1936). 
6 J. J. Brady and V. P. Jacobsmeyer, Phys. Rev. 49, 620 


(1936). 
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Fic. 4. Fowler plot for Mg. Upper curve, amp./watt, const.=20, ¢=3.65 V. Lower 
curve, electrons/quant., const. = 19.3, ¢=3.68 V. 
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Fic. 5. Fowler plot for Be. elec./quant., ¢=3.92 V. 
Table III shows the variation of a with con- TABLE II. Observed and calculated values of a. 
tamination of the surface for Na and Be. In the 
a(obs.) & 1082 | aX 1082 Ratio | 
Metal sec. cm? quant.~! cak calc./obs Ref. 
TABLE I. Work functions and values of a, the probability of ——— ——€ ; a nm a =x ws ee 
light absorption by electrons. Be | 0.25 12.5 _50 1 
_ i SLi mS Mg | .032 | 488 | 1520 1 
‘ Na | 2.29 | 198. 86.5 1 
Metal ¢ Volts ho A.U. a X10" sec. cm? quant W | .026 290.4 1140 2 
Se ee sa a?" oan Ba 43 140. 325 3 
Mg 3.68 3350 | 3.2 
Be 3.92 3150 | 25. eames 
Nz i ¢% 5390 0. 1. Present work. 
Na | 29 539 180 2. A. Kies. unpublished 
— — = ———— 3. Cashman and Jamison, reference 2 
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Fic. 6. Fowler plot for Na. ¢=2.29 V. 
last being most free of gas contamination. 
These variations in @ are relatively small and 
show no systematic trend. 
, It is evident that the values of aps. lie in 
: NA 5 J general between 10-* and 10-*. If we interpret 
—/ the ratio obs./cale. as the fraction of light 
J F i “e absorbed in the surface layer it is evident that 
/ this varies rather widely but lies in general 
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Fic. 7. Spectral distribution curve for Na. Dashed curve, 
Fowler’s theory. O tungsten lamp, [] Hg arc. 
case of Be the values represent the effects 


of successive glow discharge in O», and for Na 
the values are for successive layers laid down, the 


TABLE III. Showing variation of a with contamination. 


a a calc./a obs 


Metal | ¢ 

Be 3.92 17.9x10-" 70 
3.89 7.0 178 
3.81 5.8 215 
3.81 4.6 262 
3.82 4.0 312 
3.92 5.7 219 

Na 2.24 1.8 10-2 110 
2.27 2.0 98 
2.29 2.0 98 
2.29 1.5 131 


in the range 10-* to 10~*. It is hoped that further 
developments of the quantum theory of photo- 
electric emission now being carried out in this 
laboratory will provide a theoretical basis for 
predicting the absolute values of photoelectric 
yields. 

To compute the actual photoelectric emission 
in electrons/quantum at any wave-length for a 
surface for which vp and @ are known it is only 
necessary to use Eq. (1). Since this involves only 
the difference (vy—vo) it is often convenient to 
compare the yields of surfaces for a given value of 
this quantity, or of x. Thus for x= 40, ¢(x) = 800. 
Hence at 300°K we have 


Is9=aX5.35 X 108 elec. /quant. 


of 10-* then 


For values of a of the order 
so 25 X 10-5 elec. /quant. 
In conclusion the authors wish to express their 
appreciation to Mr. R. J. Maurer who assisted in 
analyzing the data. 
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In the positron theory considerable interest attaches to the consideration of processes in 
which the occurrence of electrons and positrons is transitory only, such as the scattering of 
light by a Coulomb field (Delbriick), and the scattering of light by light (Euler and Kockel). 
Calculations of such effects can frequently be simplified on account of cancellations brought 
about by the distribution’s symmetry between electrons and positrons. An abstract proof is 
here presented for the theorem which predicts the appearance of such cancellations in the 
general case. Certain modifications are found to be required when interactions other than the 


usual electric forces are introduced. 





I. INTRODUCTION 


N interesting feature of the Dirac theory of 

the positron is the possibility of processes 
in which electrons and positrons, though they are 
not actually created so as to be experimentally 
observable, are able to play the part of catalytic 
agents producing effects which otherwise could 
not appear. Examples of such effects are the 
scattering of light from a Coulomb field, sug- 
gested by Delbriick,' and the scattering of light 
by light, suggested by Halpern* and by Debye 
and calculated by Euler and Kockel.* The linear 
field equations on which the present electro- 
dynamics is based do not provide any direct 
interactions between different components of the 
field such as would produce such scatterings ; but 
the transitory or virtual presence of charged 
particles provides a means of mediating indirect 
interactions. Thus for instance the possibility of 
the Delbriick scattering may be seen by sup- 
posing that the incident light quantum produces 
a (virtual) pair, that these particles are scattered 
in the Coulomb field, and that in being destroyed 
they emit the scattered light quantum. The 
transitory presence of the pair is possible even 
when there is not enough energy available to 
produce an actual observable pair. 

It is to be expected that the symmetry between 
the two kinds of particles can be used to simplify 
calculations of such effects; in particular, since 
electrons and positrons are induced in equal 
numbers and are oppositely affected by electric 


1M. Delbriick, Zeits. f. Physik 84, 144 (1933). 

20. Halpern, Phys. Rev. 44, 885 (1934). 

>H. Euler and B. Kockel, Naturwiss. 23, 246 (1935); 
H. Euler, Ann. d. Physik 26, 398 (1936). 
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fields, it would seem likely that cancellations 
should occur. Immediately after the Delbriick 
effect remarked by 
Oppenheimer that, on account of such a cancella- 


was suggested, it was 
tion, the transition probability for such scattering 
is of order (Za)* instead of (Za)*. Such reasoning 
has been applied in some other cases. Neither a 
statement nor a proof of the general theorem 
involved has been published, however, and it 
evidently is by no means universally known. The 
writer has recently been interested in obtaining a 
proof so formulated that one can readily see how 
the result has to be modified in the case of 
hypothetical particles which obey the Dirac 
equations and are subject to other sorts of forces 
than the usual electric ones.‘ In this note such a 
proof is presented. 

OUTLINE 


II. STATEMENT OF THEOREM AND 


OF PROOF 


Theorem: In calculations using plane wave 
functions as a basis (‘Born approximation’”’) for 
processes in which the appearance of electrons and 
positrons 1s transitory only, the odd order con- 
tributions vanish identically. 

This statement applies to calculations actually 
possible with the existing theory. The way in 
which it would have to be modified if nonelectric 
forces were introduced will be made clear in the 
discussion of Section IV. 

It is evident that to any set of transitions 
through intermediate states by means of which a 
given process can be brought about, there corre- 


*W.H. Furry, Phys. Rev. 50, 784 (1936); Abstract No. 
28, American Physical Society, New York, October, 1936. 
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sponds another possible set in which the roles of 
electrons and positrons are reversed. The proof 
of the theorem consists in showing that the 
corresponding contributions to the probability 
amplitude are equal and opposite if the order of 
the transition-scheme is odd. 

A typical mth order term in the probability 
amplitude is V/D, with 


N= yo -++(ut(k, o, r)Ou(k’, o’, r’))--> 
spins 
(nm factors), (1) 
D=(AE),:--(n—1 factors). (2) 


Here u(k’, o’, r’) is the four-component amplitude 
of the Dirac plane wave function of an elec- 
tron of momentum kmc, spin o, and energy 
remc?(e=(1+k?)', r=+1); O is a four-rowed 
matrix characteristic of the type of interaction 
regarded as producing the transition from 
(k’, o’, r’) to (k, o, rT); and the (AEZ)’s are the 
energy differences between the initial state of the 
total system and the various intermediate states. 
If (1) were written out in full, the various 
k’s, o's, r’sand O’s would have to be distinguished 
by subscripts. Since only a typical factor has to 
be discussed, a simpler notation is used to save 
writing. 

Turning now to the analogous term in which 
the roles of electrons and positrons are inter- 
changed, we find that its relation to our original 
term is described as follows: 

(a) All energy differences (AZ) are unchanged, 
because the dependence of energy on momentum 
is the same for both kinds of particles. 

(6) Our new term is perhaps to be prefixed 
with the opposite sign to that given the old, on 
account of the different exchange characteristics 
of the two sets of transitions. 

(c) Apart from such a possible intrinsic change 
of sign, the change in numerator is given by 
replacing N as given by (1) by: 


N= > ---(ut+(—-k’, o’, —7’) 
spins 


x Ou(—k, o, —7))---(n factors). (1’) 


We have to reverse the direction of all transitions, 
change the signs of all energies (in the electron 
wave functions as used), and reverse all momenta. 
This corresponds to the fact that a positron of 
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momentum kmc is equivalent to the absence of a 
negative energy electron of momentum —kmic. 

The theorem will be established by proving the 
following two lemmas concerning the changes 
noted under (5) and (c), respectively : 

Lemma I: An intrinsic difference of sign on 
account of different exchange characteristics appears 
if and only if the number n of transitions is odd. 
II: Apart from such an tntrinsic 
wo numerators are equal 


Lemma 
difference of sign, the 
(N’=N), and indeed the separate factors are equal 
respectively in pairs. 

It obviously follows from these lemmas that 
the contributions cancel for odd m in such a way 
as to make the theorem correct. However, before 
we go on to the formal proofs we should mention 
a certain difficulty which arises in connection 
with these cancellations. The actual probability 
amplitudes for these effects are sums of integrals 
of such terms as we have written, the integrals 
being taken over one or more momentum spaces. ° 
Although two convergent integrals must cancel 
if their integrands are identically equal and 
opposite, this is not in any absolute sense true of 
divergent integrals: by choosing different origins 
or different coordinate systems for the com- 
parison of the two, one can obtain indeterminate, 
and frequently infinite, discrepancies. The inte- 
grals met with in calculating the sort of transition 
probabilities under consideration will quite com- 
monly be divergent. The resulting situation is 
one which is usual in calculations in positron 
theory: to obtain the result, one has to find a 
reasonable method of excluding the infinite and 
indeterminate contributions, and use what is 
left.° In the present case the reasonable procedure 
is to match the coordinate systems according to 
the physically sensible idea of interchanging the 
roles of the two kinds of particles. When this is 
done, the result is zero as stated in the theorem. 


III. PRoors OF THE LEMMAS 


Lemma I: This is readily seen by inspection in 
some of the simpler cases. It may be proved in 
general by using quantized amplitudes. The 


5 Conservation of momentum holds for the intermediate 
states, but it fixes only the fofal momentum of the pair 
field. Since this field contains more than one particle, there 
remain undetermined one or more momentum differences, 
over which one must integrate. 

® Cf. R. Serber, Phys. Rev. 49, 545 (1936). 
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transition scheme (1) can be regarded as charac- 
terized by a product of amplitudes 


A=-:--at(k, oc, r)a(k’, co’, r’)--:. (3) 
Here 
a;*a;* +a;*a;* =a,a;+a,a,;=0, 
(4) 
a;*a;+a,a;* =0, ix}, 
a,;ta;+a,a;* = 1. (5) 


When such a product is applied to the situation 
postulated in the ‘hole’ theory, in which all 
levels r= +1 are empty and all levels = —1 are 
full,? we can replace (5) by 


a*(k, o, +1)a(k, o, +1)=0, 


a(k, o, +1)a*(k, o, +1)=1, 
(0) 
a+(k, o, —1)a(k, o, —1)=1, 


a(k, o, —1)a*(k, o, —1)=0. 


The fact that the appearance of particles is 
transitory only assures us that if a(k, o, 1) 
appears in (3), a*(k, o, 7) also appears, and vice 
versa; and the fact that the transition scheme 
chosen is a possible one means that when 
interchanges of adjacent factors are made so 
that each factor finds its partner, a nonvanishing 
product will be obtained. This product will be +1 
if the number of interchanges required is even, 
—1 if it is odd. 

Exactly the same situation obtains for the 
product 


A’=---at(—k’, o’, —7’)a(—k, o, —r)---, (3’) 


which corresponds to (1’) as (3) does to (1). 
Apart from irrelevant changes in the designations 
of the factors, the only significant difference 
between (3’) and (3) consists in m interchanges of 
adjacent factors. Thus 


A'=A n even, 
A'= 


—A, n odd. Q0.E.D. 
Lemma II. Given 
M = (ut(k, o, r)Ou(k’, o’, r’)) (7) 


we want to show that to every u*(k, o, rT) we can 


™ The changes in notation which might be made to cover 
up the baldness of this statement and replace (6) by a pair 
of symmetrical rules would have no effect here except to 
make the proof slightiy more cumbersome. 
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correlate a u(—k, ¢, —r)* and to every u(k, o, r) a 
u*+(—k, o, —7), in such a way that if the original 
functions form a complete normalized orthogonal 
set the correlated ones do too, and that if 


M' =(ut(—k’, o’, —7r’)Ou(—k, oc, —7)) (7’) 


we shall have M’=M. Let us try to do this by 
finding a matrix A such that 


u(—k, o, —r)=/ut(k, o, r)At}, 


u*+(—k, o, —r)=!Au(k, o, r)}. 


(The bar indicates transposition. ) 
The requirements as to completeness, ortho- 
gonality, and normalization are satisfied provided 


(u+(—k’, o’, —7r’)u(—k, c, —7)) 


= (u+(k, o, r)u(k’, o’, r’)). (9) 


Substituting from (8) in the left member of (9) 
we get 


({Au(k’, o’, r’)} jut(k,o, r)At}). 


Since this is a mere number, we do not change its 
value by transposition, which gives 


(u*+(k, o, r)AtAu(k’, o’, 7’)). 
Thus (9) is equivalent to the requirement 
At+A=1; (10) 


i.e. A must be unitary. 

The requirement that the new functions so 
formed be solutions of the Dirac equations 
means that 


(re+a-k+8)u(k, o, r)=0, 
(lla, b) 
u*(k, o, r)(re+a-k+ 8) =0 


must imply 


|Au(k, o, r)}(—re—a-k+8) =0, 
7 — (12a, b) 
(—re—a-k+ 8) {ut(k, o, r)At} =0. 


8’ By o we mean not necessarily an index different in 
numerical value from o but an index whose significance 
may be different, i.e. u(k,o,7r) may not be the same 
function of o that u(k,¢, 7) is of ¢. There is no need to 
trace the correlation between the two types of spin 
quantization, because the spin-sums (1) and (1’) are 
independent of the type used, as long as we are careful 
always to use complete normalized orthogonal function 
sets. 
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Transposing (12, a, b) we get 


(— re—a-k+8)Au(k, o, r)=0, 
(13a, b) 


ut(k, o, r)A+(—re—a-k+ 8) =0. 
(13a) is implied by (11a) provided 


aiA=Aa; BA=—AB. (14) 
Since a;, 8 are Hermitian as well as a;, 8, by 
taking the adjoint of (14) we see that it is also a 
sufficient condition for (13b) to be implied by 
(11b). 

On account of the use of transposition in fixing 
the conditions on A, it does not seem to be 
possible to prove that an A exists satisfying (10) 
and (14) without referring to an explicit form of 
the Dirac matrices. If we suppose that they have 
the form originally given by Dirac, we see that 
az, @,, 8 are real symmetric, while a, is imaginary 
antisymmetric. Thus for this representation (14) 
means that A must commute with a, and a., and 
anticommute with a, and 8; and 7a@,8 is obviously 
a unitary matrix which does this. Having found a 
suitable A for this one representation, we can 
readily determine one for any other. This other 
representation must be connected with the one 
discussed by a unitary transformation, 


a;’=S—a;S=Sta;S, pB’ =St*BS, (15) 
and one finds that a suitable unitary matrix A’ 
is now given by 

A’=SAS. (16) 


A does not transform according to the unitary 
transformation applied to a, 8, and hence does 
not have the same expression in terms of a, 8 in 
different representations. This is due to the fact 
that the conditions (14) placed on A are not 
invariant under unitary transformation. 

We now have only to substitute (8) into (7’) 
and apply (14) to evaluate M/’: 


M’ =M’' =({Au(k’, o’, 7’)}Ofut(k, o, r)At}) 
=(ut(k, o, r)AtOAu(k’, 0’, t’)). (17) 


From (10) and (14), AtOA = +O whenever O is 
a product of Dirac matrices. Thus for such O’s, 
M’'=+4M. In detail, 


0:=8: M’=-M, (18a) 
O.=1; a;: M'=M, (18b) 
O;=18a;; iBaja;: M'=M, (18c) 
O4=taa203; taja;: M’=—M, (18d) 


O;=Bajacas: M'= —M. (18e) 


The various operators have been listed according 
to the relativistic transformation properties of 
u+O,u.2 The five types of O, listed give re- 
spectively a scalar, a four-vector, an antisym- 
metric tensor, an axial four-vector (antisymmetric 
tensor of the third rank), and a pseudo-scalar. As 
will be explained at the beginning of the next 
section, (18b) establishes Lemma II for the case 
contemplated in the original statement of the 


theorem. 
IV. DIscUSSION OF THE VARIOUS OPERATORS 


The interactions involved in all effects so far 
discussed are those with the radiation field and 
with Coulomb fields. These interactions are given 
by the product of the potential four-vector with 
the four-vector O»2 of (18b). Thus Lemma II is 
established for all these effects, and with it the 
theorem as stated. 

Another possible form of interaction with the 
electromagnetic field is that obtained by multi- 
plying the tensor O; of (18c) by the field tensor. 
For such interactions the theorem also holds. 
This form of interaction corresponds to the 
particle’s possessing a magnetic moment differing 
from that given by its charge and spin. It was 
first invented by Pauli as a possible interaction 
between a neutral particle (precursor of the 
neutrino) and the field ; also it has been suggested 
that the proton may possibly obey a Dirac 
equation in which such a term is inserted to give 
agreement with the observed magnetic moment. 
For the electron this interaction must be sup- 
posed to vanish. 

The only other one of the operators (18) which 
can be supposed to describe an interaction of the 
particle with a field of force is the scalar O; of 
(18a). The writer has recently pointed out, in 
connection with the question of the spin-orbit 


®Cf. W. Pauli, Handbuch der Physik 24/1, 221. The 
rather unsymmetrical appearance of the operators listed in 
(18) is due to our use of the original Dirac notation a, 8 
instead of the y* notation which is better adapted for 
clear display of the transformation properties. 
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interaction of a particle moving under the action 
of a nonelectric force,* that this scalar may be 
associated with a scalar potential such as occurs 
in Nordstrém’s special-relativistic gravitational 
theory. One sees from (18a) that in applying our 
theorem to any process in which such an interac- 
tion might play a part we must omit the matrix 
elements of this O in counting the number of 
factors in the numerator (1) to get m. This is 
just what is to be expected, since the reason for 
the alternation of relative signs from order to 
order in the electric case is to be found in the 
opposite action of the field on the two signs of 
charge. The result is of some interest aca- 
demically, though at present there seems not to 
be much utility in the concept of a particle which 
is susceptible both to the action of nonelectric 


JANUARY 15, 1937 
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forces and to creation and destruction in pairs. 

The operators O, and O; of (18d) and (18e) 
cannot be associated with any sort of interaction 
which has a classical analogue, on account of 
their unsuitable transformation properties as 
regards reflection. If, however, an interaction 
between fwo matter-fields is described by a 
biquadratic form in the Dirac amplitudes, the 
antisymmetry under reflection can be eliminated 
by squaring. In fact Wigner, and also Bethe and 
Bacher,'® have remarked that these operators, 
quite as well as the others, can reasonably be 
used in neutrino theory. It is possible that the 
symmetry property here described may find 
applications in this connection. 


10H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 190 
(1926). 
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The Slater method of obtaining wave functions for metallic lattices is applied to the face 


centered lattice. The solutions previously obtained by Krutter for this lattice were mainly 


for certain simple lines in momentum space. Methods are developed for obtaining more general 


solutions from these special ones. On this basis the entire 110 plane is worked out. For certain 


new lines in this plane especially simple solutions are given. An approximate method suitable 


for calculating energy contours in momentum space for small values of momentum is developed. 


INTRODUCTION 


LATER! has proposed an extenison of the 
method of Wigner and Seitz? for the cal- 
culation of wave functions in the periodic field of 
metallic lattices. He applied his method to the 
body-centered lattice with metallic sodium par- 
ticularly in mind. The method has been applied 
to lithium*® (body-centered), to copper‘ (face- 
centered), and with modifications to diamond® 
and the sodium chloride lattice.® 
1J. C. Slater, Phys. Rev. 45, 794 (1934). 
? Wigner and Seitz, Phys. Rev. 43, 804 (1933) and 46, 509 
(1934). 
3J. Millman, Phys. Rev. 47, 286 (1935); F. Seitz, Phys. 
Rev. 47, 400 (1935). 
*H. M. Krutter, Phys. Rev. 48, 664 (1935). 
5 George E. Kimball, J. Chem. Phys. 3, 560 (1935); 
F. Hund, Physik Zeits. 36, 888 (1935). 
®Ewing and Seitz, Phys. Rev. 50, 760 (1935); W. 
Shockley, Phys. Rev. 50, 754 (1935) 





Briefly, the method consists of dividing the 
lattice into polyhedral cells centered about each 
atom and containing those points of space nearer 
that atom than any other atom. The wave 
function y in one of these cells is expanded in 
terms of surface harmonics times radial functions 
which are numerical solutions of wave equation. 
For an atom at a center of symmetry this func- 
tion is most conveniently handled in the form 
y=u,+iu, where u, is a real even function of 
the coordinates having the atom as a center 
(i.e., is expanded in harmonics of even /) and u,, 
is an odd real function. The functions in other 
cells are obtained by translating y and multiply- 
ing it by e-® where R is the translation vector. 
The wave function and its normal derivative are 
required to be continuous from cell to cell at 
the midpoints of the cell boundaries. 
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Fic. 1. Cell for the face-centered lattice showing the 
vector positions of various lattice points and the midpoints 
of the faces. 


For the face-centered lattice, the translations 
are of the form a(0+}+}), etc. The polyhedral 
cell (Fig. 1) is a rhombic dodecahedron whose 
surfaces are planes bisecting the lines from the 
origin to the points a(0+}+4), the midpoints 
of the faces being Ro+:+:;=a(0+}+3), ete. 
Each pair of diametrically opposite midpoints 
gives rise to two equations of continuity for y 
and the normal derivative y’ of the form 


T o11Mg — Uy a= (), 


Uy’ +T o1:u,' =0, (2) 
where 7;,;=tan k-Ro;;=tan (ky +k,)a/4. u, and 
u, and their derivatives in respect to increasing 
r are evaluated at Roi. It is convenient to let 
k=(27/a)x. If x is increased by 111, the e*® 
and tan k-R terms are unaltered in value. Hence, 
our solutions are periodic in x-space with the 
periodicity of a body-centered lattice having 
+1+1+1, +200, etc., as lattice points. The 
tangent factors take the simple forms: To; 
=tan m(x,+x«,)/2, etc. 

The six independent directions give twelve 
conditions and, in order to satisfy them, y is 
expanded in terms of twelve linearly inde- 
pendent functions with arbitrary coefficients. 
The homogeneous system of equations for these 
coefficients is then soluble if, and only if, its 
determinant vanishes. This establishes a func- 
tional dependence between « and the energy 
parameter, which enter through the tangent 
factors and the values and derivatives of the 
radial functions, respectively. It is with the 
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nature of this functional relationship that we 
are concerned. 

Krutter has already made a satisfactory choice 
of the 12 expansion functions. With a modifica- 
tion’ of notation, these may be listed as in Table 
I in accordance with their representations in 
the octahedral group*® which is the point group 
for the cell center. 


I. SPECIAL DIRECTIONS 


No means have been developed for dealing 
with the determinant for general values of «. 
However, for special directions of « it is possible 
to get relatively simple expressions. This is a 
consequence of symmetry of the directions. For 
the 100 direction, x= 00, for example, the func- 
tions can be separated into their various sym- 
metry types about the x axis. When this is done, 
it is found that each type must satisfy the 
boundary conditions separately and that the 
satisfying of the conditions on the 110 face, for 
example, satisfies simultaneously the conditions 
on the 1-10, 101, 10-1 faces. This reduces the 
order of the determinantal equations from the 
12th to at most the 3rd order for these directions. 
The corresponding solutions for this line and for 
011 and 111 have been published by Krutter and 
are listed in Table II, along with new solutions 
developed in this paper. 


II. THe 001 PLANE 


For values of « lying in certain planes, suf- 
ficient symmetry is still preserved to be of con- 
siderable help. For «x in the 001 plane, that is x 


TABLE I. Expansion functions of Krutter. 


uo FUNCTIONS 





T; s 
r, (x?—y?)d, (y?—=2*)d 
Ts yzd, 2xd, xyd 


uy FUNCTIONS 


rs xP, YP, sP 
x(y?—2?)f, y(2?@—x*)f, 2(x*—y*) f 


7Since all the surface harmonics are evaluated for 
directions such as 0+1-+1 the factors r~* may conveniently 
be omitted. x, y, s are then understood to be on the sphere 
of radius = v2. The radial functions s, p, d and f have the 
customary significance. The ratios s’/s, p’/p, d’/d and 
f'/f are denoted by oa, z, 6 and ¢. 

8 For a discussion of the representations of the octahedral 
group see H. Bethe, Ann. d. Physik 3, 133 (1929). 
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of the form uv0, it is possible to separate func- 
tions into sets which are even and odd with 
respect to z—+—z. There are only four functions 
of the odd type, leading to a fourth-order deter- 
minant which has been expanded by Krutter 
and is listed in Table II. The even set appears 
too complicated to handle in general; however, 
in addition to the lines 100 and.110 which lie 
in this plane it is possible to get reduction along 


the line x= 10. 


Line I, x= ul0° 

The simplicity of this line is due to its lying in 
a 001 plane and a 010 plane simultaneously (Fig. 
4a). Hence, it is possible to utilize odd and even 
classifications for y—~—y and z—-—s. The 
results of this classification are shown in Table IT. 

It is to be noted that Eq. (la) is reasonably 
simple for numerical work, since by virtue of the 
relation C7'=1 it is a quadratic in 7°. Thus, for 
given values of o, 7, 6, and ¢g, it is possible to 
solve directly for JT and thus find u. 


Ill. Tue 011 PLANE 


For this plane, x=uvv, the symmetry in the 
interchange of y and z is preserved. Hence, the 
functions can be separated into two sets: odd for 
interchange of y and zs and even. The tangent 
factors for the dodecahedron are shown in Fig. 2. 
Only four need be considered, since the two 
others, 101 and 110, are related to 110 and 101 


by interchange of y and z. 


Odd set’ 

There are five functions odd in this plane. By 
the same method as given by Krutter for the 
odds of 001, we obtain the solution given in 
Table II. 

We shall establish this equation by a different 
method which we shall use later with the even 
set. Since the odd functions vanish on 011, the 
expression cannot involve K=T o. Hence, the 
determinantal equation will be a polynomial in 
L and M of no higher degree than the second in 
each term, since each tangent factor occurs in 


only two of the continuity Eqs. (1) and (2). 





*This solution was developed independently by the 
writer and Dr. Krutter. The writer is indebted to Dr. 
Krutter for a check of his work. 
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TABLE II. Classification of the solutions for the face- 
centered lattice.’ 


100 
tion K =x00 ] tan ru /2=M 


100, s, (2x*—y*—2*)d, xp M?+306/r(o+25) =0 








100, (y*—2*)d, x(y*—2*)f M?+6/¢=0 
100. 42d M arbitrary for 6=0 
100, xyd, yp, y(x*—2*)f M?+26/(r+¢)=0 
100. xed, sp, 2(x*—2*)f M?+-25/(r+¢)=0 
111 
‘tion K =uun Ton =tan ru =K 
111, K?+2¢6/2r(a0+6) =0 
111, K?+45/(x+3¢) =0 
111 K?+45/(r+3¢)=0 
111, K arbitrary for 6=0 
111, K arbitrary for 6=0 
111, K arbitrary for g¢= « 
o11 
direc l K =tan ru 
tion K =Oun I I tan wu/2 
Oll, 5s, y2d, (2x?—42—2")d, (y+2)p, [y(x?—2?) +2(x?—y*) ]f 

2K? L?re(56+0)+K25(9r+ ¢) (50 +8) 

+4KLi( e—r)(o—5)+2L75(9 + ¢)(o +25) +128e=0 
Oll, x(y+2)d, xp L?+6/r=0 
O11. (y?—2?)d, (y—=)p, L?+25/(x+¢) =0 

[ v(x? — 2?) —2(x?— y*) /f 

Olle x(y—s)d, x(y?—2*)f L?+6/e=0 
001 7 tan ru/2 
plane K =ur0 Tou =tan wrv/2 


xsd, y2d, sp, 2(x*—1*)f 
bi(r+ve) If... 5(r+¢) b(r—g)}? 
ee eee 


O11 Ti tan r(u-+ 
plane K =u Tn tan w(u 


we |} 


(y?—2?)d, x(y—s)d, (y—2)p, x(y?—2*)f, 
[y(x?—2?) —2(x®—y*) ]f 


[rm , a(x t3e) rs - Hot 50) ~6(r—y) 7? 
Qe t+eIL e+e) Lel+~e) 


% =u10 Tim = tan wu/2=1 
I. s, (2x? — y?—2*)d, (y?—2?)d, xp, x(y?—2")f 
(T?+ C*)(26+¢)(r+¢)+2(6—o¢)(e—7) 
+25(6+20)+6re=0 
I; xyd, yp, y(x*?—2?)f C?+65(r+¢)/2re=0 
 s xzd, sp, s(x*— y*)f T?+6(4+¢)/2re=0 
Ia =y2d u arbitrary for 6= 





For the even set of the 011 plane, 311 direction, and Lines 
II, III, and IV see text. 


Furthermore, the symmetry of the problem 
assures us that if x»= vv is a solution, — x» must 
be an equally good solution. Hence, our ex- 
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pression must not be altered by replacing ko 
— uvv 


by —* . Similarly, replacing x) by x= 
and x=u—v—v must leave its value unchanged. 
This means that must be 


invariant under the four (including, of course, 


the determinant 
identity) symmetry operations in the 011 plane. 
If we denote the four operations above by /, 
R, S, T, we see that determinant D regarded as 
a function of «x must satisfy the relationship 
D=ID=RD=SD=TD. The transformation 
scheme of the individual factors is readily found. 


For example, 


Tijo= tan r(u—v)/2=M, 
RM=tan r(—u+v)/2=—-—M, 
SM=tan r(—u-—v)/2=-L, 
TM=tan r(u+v)/2=L. 


This is expressed in tabular form in Table III. 
From this it is possible to list the allowable 
terms which may occur in D. For example, if 
L*M° occurs, it must be present in a combination 
with L°\/° that is unaltered by the operations 
R, S and T. From the group property of J, R, 
S, T, it may easily be verified that the only such 
form is (J+R+5S+T7)L°Me=(1+(—1)?**][L° i 
4-L°M° |. Hence, the most general form of D will 
be, except for a factor independent of Z and MV, 
D=A+BLM+C(L?+M*)+L°M*. It 


possible to evaluate the constants, A, B and C, 


is now 


from the solutions in special directions. 


100 direction 

For this W@=L and D=0 reduces to D=A 
+(B+2C)M?+ M*=0. This must factor into 
1006 and 100d (100d—100e is odd in the 011 
plane and has the same equation as 100d and 
100e) ; the two known solutions for the odd func- 
tions. Hence, D must M?+6/¢ and 
M?+26/(r+ ¢) as factors. Therefore, 


A = 25? g(r+¢), 
B+2C=6(41+3¢)/e(r#+¢). 


contain 


011 direction 

For this JJ=—LZ and D=0 becomes D=A 
+(—B+2C)L°+L‘=0. The known solutions 
110c and 110d are the same as 100) and 100d. 
Hence, B=0, and 
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Tou 
=K 


Fic. 2. Cell for the face-centered lattice showing the values 
of the tangent factors for x= uvv (the 011 plane). 


This is equivalent to the solution in Table II. 


Even set 

The procedure of the odd set can be carried 
out for the even set also. For this set we expect 
to get terms in K as well as L and WM. The allowed 
form is given below. Since only the ratios of the 
coefficients can be found by this method, the 
order term has been 


coefficient of the zeroth 


made unity. 
D=1+[BK(L—M)+CLM+DK? 
+E(L?+ M*))+[FR°*LM+GR*(L?+ M?) 
+HKLM(L—M)+JL°M?)+PR*L?M?. 


100 direction 
For this line K=0, L=M, and 
D=14+[C+2E)M?+JM*=0. 


From Table II we see that this must have the t 
factors W?+306/27(26+0) and M*+26/(r+¢). 


Equating the ratios of coefficients, we get 


(Sor+467r+3e¢) 


C+2E= : 
606 
m(r+¢)(256+0) 
- 605" 
011 direction | 
For this = —L and |M| #|K| #0 and 
D=1+2BKL+(—C+2E)L? 


+DK*+(— F+2G)K*L? 
—2HKL'+JL!+ PR*L‘=0. 


Proceeding as above, we find that the factors 
are 011a and 0110 and that the coefficients are 





(e—m)(o—5), 


ENERGY 


B= ‘ 
606 
(r+¢)(26+0)+60r 
—C+2E= 
606 
(r+ )(6+50) 
D= , 
1206 
rl 26(56+6¢)+(9r+e)(6+50) 
—F+2G= - - 
1206° 
w(r— o)(o—5) 
Hx ~~, 
606" 
r(r+o)(26+6¢) 
J = ——— 
606" 
tr o(56+¢c) 
nea 


606° 


111 direction. M=0, K=L 


D=1+(B+D+E)K?+GK‘=0. 


The known solutions are 11 


results are 


3onr+ 
B+D+E= 
w(ar-+ 
G=— 


la and 1114 and the 


30g+2é6r 
7 ; ~ - ’ 


406 


3¢)(o+6) 


806" 


TaBLe III. Transformation scheme for the tangent factors of 


the O11 plane 
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uvv =g~—-7—7 — UUT .— 9 

K —K K —K 

L —L —M UW 

M —M —L L 
TABLE IV. 

COEFFICIENT TERM 
B=(g—)(a—5) /605 K(L—M) 
C=(e—1)(o—5) /605 LM 
D=(x+ ¢)(6+5e)/1206 K? 

E= (34+ ¢)(20+6)/1206 L?+ M? 
F=n(r—)(i—c) /608* K°®LM 


G=n(r+3¢)(o+5) /808" 
H=2(xr—¢)(o—5) /608* 
J=r(4r+¢)(25+¢) /608 
P=7°¢(56+¢) /605° 


K?(L?+ M?) 
KLM(L—M) 
L? M? 
K?1?M? 


BANDS 


— 
w 
wn 


FOR CRYSTALS 


From these three lines we thus get 11 equa- 
tions for the 9 coefficients of D. From them we 
can determine all the coefficients and have two 
extra equations as a check. The results are given 
in Table IV. 


IV. SpeciAL Lines IN THE 011 PLANE 


; 
For certain lines in the 011 plane, D takes a 


specially simple form. 


311 direction 
For the 311 direction, r=3v,v,v and K=M 


=tan (rv) and L=tan (27v). Hence, there 
are only two distinct tangent factors in D. Such 
expressions as this result and Olla can best be 
making a table of the 


which 


used in calculation by 
values of the terms such as K*, K*L?, etc., 
occur in them. Then for a fixed value of the 
energy, D is evaluated as a function of v and the 


zeros are found. 


Line II. x=u}} 


? 


)/2=>-—cot ru - 5) 2= 


K=o, L=tan r(u+} 
—C, M=tan r(u—})/2=T. 
equate the coefficients of AK? to zero, obtaining 


For this we must 


(C?+7°)G+(D—F+P)=0. 
which, as a consequence of CT = 1, is a quadratic 
in C? as is solution la. 
Line III. x= (1—v), v, v 
K=tan zv=T, L=, —C. 


For this we must equate the coefficient of L* to 


M=-—cot rv-= 


zero, obtaining 
GT?+JC?+(E+1/+P)=0. 


This is again a quadratic in C?. 


V. Tue CASE OF «<1 


From an inspection of D it can be seen that 
when x—0 either o or 6 >op 10 Tt 
can also be seen that for a given small value of x, 


0 or t or ¢ 


the equation becomes linear in o for o—-0; 
cubic in 6; quadratic in 7; and linear in ¢. This 
is a consequence of the fact that one s function, 
three d functions, two p functions and one f 
function compose the even set of the 011 plane. 


10 The pathological case of several of these requirements 
being met at once will not be considered. 
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oiT 


Fic. 3. Cell for the face-centered lattice showing the 
of the tangent factors for x=u(011)+4(111), 


values 

line IV. T=tan ru/2, C=cot ru/2, S=tan ru. 

If x is small enough, it is possible to expand K, 
L and M in powers of u and v. It is more con- 
venient to use symmetry arguments, however, 
in order to establish the form of the result and 
then evaluate the coefficients from 
special directions. For example, the result for 


unknown 


o—0 must be 
o+au?+bv? =0. 


From the 100 condition, we see that 


—o=2p'M?/3p= (p'n*/6p)u? =au? 


(here z has its conventional meaning and does 

not denote ~’/p) and from 111, 
—o=2p'K?/p=(p'r?/2p)u? = (a+b)u’. 

Hence, 2a=b=7°p'/3p, and the o contour is a 


circle." 
For the p functions, the form must be 


(p/p')? + (p/p’) (au? + bv?) + (cut +duv? + ev") = 0. 


The coefficients of this form can be evaluated 
from the 100, 011 and 111 directions. 

A similar process or else direct expansion of 
D can be used for the d functions; and the same 
methods are applicable to the 001 plane or to 
general space directions. 

For all the cases we shall find that for a given 
direction of x the values of ¢ and the values of 
1 x will be linear functions of x /*. For («| and 

1/x| <1, these quantities will be approximately 
linear functions of the energy. Hence the energy 
versus *% curves will be single (for s), double 
(for p), etc., parabolas in x. 


1! This can also be seen from the more general statement 
that f 
symmetry requires ¢+a(x,? 
a sphere. 


for the three-dimensional case of |«'<1 the cubic 
+x,?+«,2)=0, the equation of 
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VI. Line IV. «=u(011)+3(111) 


For functions of the form y= u,+7u,, for which 
x= u(011)+4(111), it is possible to split the set 
of 12 functions into smaller sets of 5 and 7. 
Consider the function Ay obtained from y by 
interchanging y and 2; it will satisfy the same 
continuity requirements as y save that its x will 
be Ax=u(011)+4(111) = —x+111. Due to the 
periodicity of x-space, —x+111 is equivalent to 
—x. Now the complex conjugate ¥* of y will 
clearly correspond to —x. We can now introduce 
an operator P=(A)* which operating on y 
leaves its x value invariant and also its energy 
value (since both A and * do). Since P is its own 
reciprocal, we can conclude from the representa- 
tion theory of groups (or from considerations of 
(y+Py) and (Y—Py)) that we can classify the 
functions into two sets according to whether 
Py=y or —y. 

Set 1 


For Py=y we find that Au, =u, and Au, = — 1, 
so that we should use even harmonics which are 
even in yz interchange and odd harmonics which 
are odd. This gives the set of functions: 


2— y? — 22), 


Ss, x(y+z2)d, 


yed, (2x (y—=s)p, 
x(y?—2?)f, [Ly(x?—2*) —2(x?—y?) Jf. 


Set 2 


From Py = —ywe find Au, = —u, andAu, =u, 
so that even harmonics should be odd for yz 
interchange; odd harmonics, even. The func- 


tions of this set are: 


x(y—z)d, (y?—2?)d, xp, (y+2)p, 
[y(x? —2*) +2(x?— y*) /f. 


The scheme of the tangent factors is shown in 
the Fig. 3. 101 and 110 are equivalent to 110 
and 101, respectively, by the P symmetry. The 
011 face gives only one condition on each set, 
since for set 1 the wu, functions automatically 
vanish there as do the u, of set 2. Due to its 
complexity, set 1 has not been worked out. The 
seventh-order determinant to which it leads can 
be easily set up, but the expansion is tedious. 


Expansion of set 2 

Set 2 is simpler, since al! of its functions vanish 
on 011, thus leading to only five conditions for 
The resultant determinantal 


the coefficients. 
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Fic. 4. Views of body-centered x%-space. a. 
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« lattice and first Brillouin zone showing the various 











solutions. >. Fundamental segment of the first zone. 
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Fic. 4. c. 001 plane, showing the solutions. d. 011 plane, showing the solu- 
tions. Only one-quarter of the diagram is completed; the remainder follows 


from symmetry. 


equation may be reduced to 


(C?+7?)bx(3+7/¢)+2[8(1+7/¢) +227] =0. 


This can be treated by the same method as was 
used for line Ia. 


SUMMARY AND FINAL REMARKS 


Fig. 4a shows the first Brillouin zone in body- 
centered x-space. Fig. 46 shows the fundamental 
segment of the zone which contains all repre- 
sentative points. Any point outside the segment 
is equivalent to some point of the segment by 
the symmetry of the lattice. The solutions for 
the 001 and 011 planes are indicated in 4 
and 4d. Four of the five faces of the fundamental 
segment are of 001 or 011 type, and the fifth 
contains line IV which is a line of symmetry for 
this face. Hence the energy contours may be 


considered as well known on the surface of the 
When 


obtained 


is combined 
the 


information 
and 


segment. this 
that 


metry conditions required by reflection planes 


with for « <1 sym- 
in the « lattice, it should be possible to draw 
fairly accurate space contours in x-space.” 

An attempt to apply the methods used for 
the even functions of the 011 plane to the even 
functions of the 001 plane has been made. It is 
found that there are more coefficients to be deter- 
mined than can be evaluated from the known 
solutions of 100, 110, and line I. The remaining 
coefficients could be evaluated by partial expan- 
for the 


sion of the eighth-order determinant 


plane. 


2 Some space contours drawn according to this scheme 
have been published by the writer. Phys. Rev. 50, 754 
(1936). 
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Ferromagnetic Anisotropy in Nickel-Cobalt-Iron Crystals at Various Temperatures 
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Single crystals of ternary alloys of nickel, cobalt and 
iron with forty percent nickel or more have been examined, 
with a pendulum magnetometer, for ferromagnetic aniso 
tropy. All alloys in this region have face-centered cubic 
structures, like that of nickel. A region of low anisotropy, 
for nearly equal cobalt and iron contents, appears to be 
connected with the points where binary alloys of nickel 
and cobalt on one side and of nickel and iron on the other 


side change their anisotropy types. Measurements were 


HE experimental work here reported may 

be considered as an extension of studies on 
binary alloys of nickel and cobalt! and of nickel 
and iron,? and is confined to the nickel-rich 
corner of the nickel-cobalt-iron triangular dia- 
gram. In this entire region there is only one 
solid-solution phase with the face-centered cubic 
structure characteristic of nickel at room tem- 
perature and of cobalt and iron at much higher 
temperatures. Whether or not there are any 
super-structures in this region has not yet been 


decided, and the results here presented do not 


made in all cases at room temperature, at about 200°C 

and at about 400°C, At the higher temperatures anisotropy 
of either type generally diminishes and, in the region of 
low anisotropy, the principal anisotropy constant may 
change sign. The previously reported data for the binary 
alloys and single components in this system are recom 
puted and presented so as better to show the boundaries 


of the ternary field. 


seem to furnish evidence for or against their 
existence. 

G. W. Elmen and G. A. Kelsall, of the Bell 
Telephone Laboratories, were kind enough to let 
me select eight ternary alloys from their ex- 
tensive series.* The compositions, given in Table 
I, are also shown by the dots inside the boundary 
in Fig. 1. All were obtained as polycrystalline 
rods 0.32 cm in diameter. They were remelted 
under a low pressure of hydrogen and progres- 
sively frozen to give castings about 0.6 cm in 
diameter from which single crystals of suitable 


rasB_e |. Description of specimens. 


Ni-Co-Fe, NOMINAI 80-10-10 | 70-20-10 | 65-15-20 
CASTING NUMBER 950 1092 898 
WEIGHT PERCENT Ni 79,29 69.38 64.56 
Co 10.21 20.20 14.84 
Fe 10.27 9.85 20.52 
Mn 0.46 0.42 0.33 
DENSITY, G.CM 8.796 8.793 8.633 


SpHERoIpDs (011) 


DIAMETER, 1074 cM 3140 3103 3021 
THICKNESS, 1074 cM 312 262 249 
Mass, 10° G 14.4 11.6 10.4 
VoL_uME, 107° cm 1637 1319 1205 
DEMAGNETIZING FACTOR 0.860 0.746 0.720 


ORIENTATION FACTORS 


[100] f; (0)* 0.0009 0.0077 0.0019 
f, (0)* 0 0 0 
[011] d, (0.25)* 2496 2433 2509 
ds» (0)* 1 18 5 
[111] # (0.3)* 3331 3247 3320 
ty (0.037)* 370 341 366 

* Ideal values, for explanation see text 


17. W. Shih, Phys. Rev. 50, 376-379 (1936) 
2 J. D. Kleis, Phys. Rev. 50, 1178 (1936). 


60-30-10 | 60-25-15 | 50-40-10 | 50-25-25 40-10-50 


979 899 926 1006 941 
61.19 60.05 50.79 50.26 40.19 
28.38 24.79 38.66 25.04 10.21 
10.43 15.12 10.41 24.63 49.51 
0.19 0.32 0.31 0.27 0.32 
8.748 8.703 8.741 8.574 8.309 
3013 2920 2810 3044 3168 
247 244 229 250 265 
10.5 9.68 8.58 10.5 11.45 
1200 1112 982 1225 1378 
0.738 0.739 0.720 0.739 0.730 
0.0116 0.0076 0.0191 0.0200 0.0016 
0 0 1 0 0 
2500 2500 2546 2573 2479 
5 0 $5 42 2 

3277 3316 3196 3210 3308 

353 365 323 335 361 


G. W. Elmen, Bell Sys. Tech. J. 15, 113-135 (1936) 
gives references to earlier papers. 
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size were chosen for the preparation of oblate 
spheroids. The technique of this process, and the 
use of the pendulum magnetometer to find 
magnetization curves for important crystallo- 
graphic directions lying in the equatorial plane 
of a spheroid, have been described in previous 
papers.‘ Table I gives the necessary information 
concerning the eight specimens used in measure- 
ments. Most of the entries are self-explanatory 
but the part of the table headed ‘Orientation 
Factors” requires some further remark. 
Although efforts. were made to cut each 
spheroid so that its equatorial plane should be 
the crystallographic plane (011), and to mark a 
diameter parallel to the crystallographic direc- 
tion [100], neither operation was precisely ac- 
complished. Careful x-ray inspection, after all 
magnetic measurements had been made, gave 
the actual indices of the directions, nominally 
(100 }, [O11] and [111 
had been made. The work per unit volume neces- 


. in which measurements 


sary to magnetize a crystal to saturation in a 
direction with direction cosines Q), Ge, @ re- 
ferred to the three cubic axes of the crystal can 
be approximated by the equation 

W. = K + K j(as*a ry +a "a1" + a;"ae 

+ Ko(aas?a 7), (1 

in which Ko, AK, and Ke are energy-density 
coefficients independent of direction. For small 
angles of departure from a fourfold (cubic) axis 


we may write this 


Wiw= KotfiKitfeke, 2 


~ 


where f,; and fy are the appropriate functions of 
the direction cosines. For ideal cutting fi =() and 


fo=0. Similarly for a direction near a digonal 


axis, 


Wou= Ko+d,K,+d2Ko, (3) 


where the ideal values are d; = 1/4, d2=0. Finally, 


near a trigonal axis, 


Win=Ko=th)KithKe, (4 


where the ideal values are /;=1/3, 42=1/27. The 


experimentally determined values of the six 


L. W. McKeehan, Rev. Sci. Inst. 5, 265-268 (1934); 
L. W. McKeehan, R. G. Piety, J. D. Kleis, Rev. Sci. Inst. 
7, 494 (1936); R. G. Piety, Phys. Rev. 50, 1173 (1936) 

R. Gans, Physik. Zeits. 33, 924-928 (1932); R. M 
Bozorth, Phys. Rev. 50, 1077 (1936) 
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Fic. 1. The principal amisotropy constant (K,) as a 
function of composition in nickel-cobalt-iron alloys at 
20°C (upper figure) and at 200°C (lower figure). Lines up 
or down from a dot indicate positive or negative K, accord 
ing to the scale at the right. Dashed lines show phase 
boundaries, dotted lines show changes in sign of K 


coefficients thus defined are given in Table | 
for each spheroid. It will be noticed that the 
deviations from the ideal values are not large in 
any case. Once the coefficients are determined 
the values of Ko, K, and Ky can easily be found 
from the experimental values of Who, Wo, and 
W1,, at any temperature 

The procedure just described has been 
used in less extended form by Lichtenberger' 
and by Shih,' who thus obtained the values 
of K, (or rather of K, 2) 


that Ko(a;ae"a;3") is negligible. 


on the assumption 


Magnetization curves were taken twice at 


® F. Lichtenberger, Ann. d. Physik [5] 15, 45-71 (1932). 
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each of three different temperatures in all cases, 
and in two cases single runs were taken at a still 
higher temperature. About sixteen points were 
obtained for each separate curve. Most of the 
curves are so nearly similar in appearance that 
graphical presentation on any reasonable scale 
Instead of 
the 


would not be especially interesting. 
this the the 
magnetization axis (up to J=ZJ,,,) have been 


areas between curves and 
carefully computed from faired curves drawn 
separately on a large scale (5 cm=100 in J and 
in 77) and these results are collected in Table IT. 
Saturation was easily attained in all cases and 
the applied field was generally carried about 300 
oersted higher than necessary for saturation. 
The differences (Wo1;— Woo) and (W1i1;— Wo) 
which are used in computing K, and K¢ are be- 
lieved to be correct to about +0.02 (10)! 
erg-cm™~*. Inspection of the formulae used then 
shows that the corresponding uncertainty in K, 
is about +0.1X(10)', the uncertainty in Ke» 
not less than +1 X(10)*. The irregular variations 
of K with rise in temperature suggests that these 
limits are actually exceeded in some cases. 
Tabular values are carried to one more decimal 
place than their precision warrants. 

As regards Ko the usual difficulty arises in 
estimating the demagnetizing factor, N, with 
the desired precision. It is encouraging to ob- 
serve, however, that the same value of NV, within 
a total range of about two percent, was obtained 
for each spheroid regardless of the direction 
chosen. A troublesome, though slight, variation 
of N with noted by 
Kleis,? again appeared in these experiments, but 


temperature, already 
there were now enough data to permit a decision 
as to its origin. There is little doubt that the 
apparent decrease in N as the temperature rises 
is due to a real decrease in the coercive force. 
Instead, therefore, of choosing N so that the 
whole magnetization curve I=I,,./2 
nearly coincides with the line /7=0, we must 
choose N so that the part of the magnetization 
curve just below /=/,,:/2 is parallel to the line 
/7=0. We then find this vertical part moving in 
toward the magnetization axis as the tempera- 
with it at 


up to 


ture rises, practically coinciding 
temperatures just below the Curie point. The 


precision in measurement necessary to disclose 


this phenomenon in the present instance was 


M « 
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TABLE II. Results on ternary alloys. 


ENERGY DENSITIES, erg. cm~* X(10)4 
Temi 
Ni-Co-Fe ( Isat | W Wim| K K K 
80-10-10 22 768 1.03 | 0.98 | 0.82 1.03 —0.20 3.9 
200 710 | 0.65 | 0.60 | 0.51 | 0.65 0.20 2.0 
400 560 | 0.16 | 0.12 | 0.13 | 0.16 ~0.16 0.6 
516 359 | 0.14 | 0.06 | 0.11 | 0.14 0.32 2.1 
70-20-10 22 872 | 2.32 | 1.64] 1.46] 2.34] —2.90 1 
200 822 | 1.69 | 1.11 1.13 | 1.71 —2.52 0 
398 701 | 0.74 | 0.42 | 0.40 | 0.75 — 1.38 2.9 
598 407 | 0.12 | 0.12 | 0.10 | 0.12 0.00 0.6 
65-15-20 22 1005 1.29 | 1.51 1.18 | 1.29 0.91 11.2 
201 936 | 1.01 | 0.99 | 0.92 | 1.01 —0.08 1.8 
398 808 | 0.30 | 0.22 | 0.20 | 0.30 | —0.32 0.2 
60-30-10 22 974 | 3.29 | 2.38 1.80 | 3.33 —3.80 8.2 
203 926 | 2.03 | 1.61 1.30 | 2.05 —1.75 5.0 
397 834 1.23 | 0.95 | 0.73 | 1.24 —1.17 3.4 
60-25-15 22 1027 | 2.25 | 1.61 1.52 | 2.27 —2.64 3.4 
201 971 1.55 | 1.30 | 1.05 | 1.56 —1.0 4.5 
398 857 | 0.85 | 0.77 | 0.69 | 0.85 | —0.33 1.5 
50-40-10 22 1044 3.72 | 2.02 1.54 3.86 —7.21 0.4 
205 993 | 2.94 1.68 | 1.44 3.04 —5.43 4.1 
398 902 | 1.51} 1.26 | 0.92 | 1.53 | —O.87 10.2 
50-25-25 22 1152 | 0.91 | 1.00 | 1.07 | 0.90 0.35 1.6 
205 1083 | 0.60 | 0.69 | 0.72 | 0.59 0.38 0.2 
398 973 | 0.34 | 0.29 | 0.34 | 0.34 0.25 2.2 
40-10-50 22 1325 1.30 | 2.80 | 2.72 | 1.29 6.10 16.4 
200 1143 | 0.78 | 1.24 | 1.41 | 0.78 1.8 0.4 
398 682 | 0.36 | 0.54 | 0.39 | 0.36 0.74 5.9 


rather high, for the maximum coercive force 
thus disclosed was always less than 10 and the 
applied magnetizing field at half saturation was 
300 or more. There is, accordingly, some varia- 
tion in the apparent coercive force for different 
directions. Part of this may be systematic 
rather than accidental, but the precision of the 
data is hardly high enough to permit a decision. 
It may be that Sixtus’ has 


ported higher coercive forces for directions of 


mentioned re- 


easier magnetization in silicon-iron crystals. 
No such correlation could be established in the 
present work. 

Fig. 1 shows how the principal anisotropy 
constant, K,, measured at room temperature, 
20°C, varies over the range of compositions now 
available This includes the 


ternary alloys here studied as well as the binary 


for comparison. 


alloys of the same crystal structure dealt with 
by Shih' and Kleis.2 The values for iron’ and 
for iron-cobalt alloys* have been added for the 
sake of completeness. The crystal structure in 
this corner of the diagram is body-centered cubic. 
The cobalt corner has hexagonal structure. The 
boundaries of these regions, which are not well 
established, have been sketched in to agree with 
a diagram given by Kiihlewein.® All points have 

7K. J. Sixtus, Phys. Rev. 50, 395 (1936). 

8]. W. Shih, Phys. Rev. 46, 139-142 (1934). 


*H. Kiihlewein, Wiss. VerOffent!. a.d. Siemens-Konzern 
11 [1], 124-140 (1932). 
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rasle III. Components and binary alloys. Computations 
from previous data. 


20% 200° 
Ni-Co-Fe 
nominal Ay AK Ai A Not! 
100—00-00 — 3.44 5.3 0.50 2.0 a) 
97-03-00 — 1.00 0.9 b) 
90-10-00 1.57, — 3.8 b) 
90-00-10 — 0.70;\— 2.3 |—0.20' —1.0 c) 
80-20-00 — 0.35 0.8 b) 
70-00-30 0.68 — 1.7 0.15 | —0.4 c) 
65-00-35 1.47|;— 7.0 1.22 | —4.2 c) 
60-40-00 — 7.39 3.7 b) 
50-50-00 — 10.80 — 4.0 b) 
50-00-50 3.33, —18.1 2.52 | —8.3 c) 
35-65-00 —25.83 15.5 b) 
00-70-30 — 43.30 5.3 d) 
00-50-50 — 6.80) —38.7 d) 
00-40-60 4.54, —-11.1 d) 
00-30-70 10.21} 16.2 d) 
00—00-100 42.1 15 30.0 22 e) 
Note a) Honda, Masumoto and Shirakawa.” From original curves 
Variations of Ki and Ke over a wide range in temperature have been 
considered. (6) Shih.! From original curves and tabulated values of 
Win-Wo Kleis.2 Values at 200°C interpolated between values 
given for 150°C and 300°C. (d) Shih.* From tables of Win-Wio and 
Wou-H Piety.* Values at 200°C interpolated between values 


given for 18°C and 296°C. 


been plotted at their intended compositions. 
The sign and magnitude of K, are indicated by 
the direction and length of the vertical line 
drawn from each dot. The data for nickel have 
been recomputed from the curves given by 
Honda, Masumoto and Shirakawa." The plotted 
values for boundary points are given in Table III 
and have all been corrected for errors in cutting 
where these are known. The extension of the 
lines for K,=0 into the ternary field are made in 
a manner consistent with the measured values, 
but there are too few points to make the location 
of these transitions very precise. In particular 
it cannot be decided whether the region of 
positive K, is separated into two parts by an 
isthmus of negative K,, or vice versa. The evi- 
dence is regarded as favoring the first of these 
alternatives. It should be noticed that the 
ternary alloys contained an appreciable amount 
of manganese, the binary alloys did not. 

Fig. 1 also shows the values of K, at or near 


10K. Honda, H. Masumoto, Y. Shirakawa, Sci. Rep. 
Tohoku Imp. Univ. [1] 24, 391-410 (1935). 


200°C. It will be noticed that the lines K,=0 
pass over only one of the selected compositions 
as the temperature rises from 20° to 200°C. At 
400°C the left-hand transition line has moved 
still more toward the left but the absolute mag- 
nitude of K, has fallen at all points. It is prob- 
ably significant that the best perminvars lie in 
the region in which the anisotropy becomes very 
small at or above 400°C. (An open circle in the 
figure shows a preferred composition.) Elmen 
has shown that the best of these alloys are greatly 
altered by baking at 450°C. The crystalline 
anisotropy must be so low at this temperature 
that magnetostrictive strains should largely 
control the directions in which domains can re- 
main saturated."' Local short-circuiting of mag- 
netic flux should be especially easy in these alloys 
at such temperatures. 

It is suggestive that the sign of K, seems to 
depend more upon proximity to pure iron or pure 
cobalt than upon the particular cubic structure 
of a ternary or binary alloy. One is tempted to 
connect the lines K,=0 across the phase bound- 
ary in Fig. 1. 

The values of Ke given in Tables II and III 
show no such regularity as the values of K, and 
in view of the low precision with which Ky has 
generally been measured it seems premature to 
discuss its variations. It should however be 
noted that the maximum possible values of 
(t: —f;) and (t2—fe) are, respectively, 1/3 and 1, 27 
so that the absolute values of K. may be much 
larger than those of K, without having nearly as 
much effect upon magnetic anisotropy. 

In conclusion I wish to express my particular 
indebtedness to J. D. Kleis who postponed his 
own affairs to complete the necessary measure- 
ments, which he had undertaken as my research 
assistant. I am also obliged to J. W. Shih who 
sent me his paper on nickel-cobalt alloys' prior 
to its publication and thus led me to undertake 
this special study of the nickel-rich alloys of the 
ternary system. 


“R. M. Bozorth, J. F. Dillinger, Physics 6, 285-291 
1935). 
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Emission of Neutrons from Chlorine and Argon Under 
Alpha-Particle Bombardment 


In some recent experiments in this laboratory! it was 
established that A* does not emit protons when bombarded 
It likely that if 


energetically not favored, 


by Th C’ alpha-particles. seemed the 
of 


emission of neutrons might, for the same reasons, be favor 


emission protons is the 
able. Accordingly we set up an ionization chamber filled 
with boron trifluoride? surrounded by paraffin and con- 
nected to a linear amplifier as a neutron detector. We 
placed a Th C’ source (average strength 1.5 mc) at the 
center of a flask which could be evacuated or filled with 
argon and found that on admitting argon the counts rose 
from 2 per minute to 20 per minute, corresponding to 18 
per minute due to argon. This is to be compared with 
roughly 6 per minute from nitrogen under the same cir- 
cumstances, so that the yield of neutrons is considerable. 

A rough excitation curve showed that the neutrons were 
emitted for alpha-particle ranges greater than 5.6+0.5 cm, 
the yield becoming proportional to the thickness of argon 
traversed at 6.9+0.5 cm. These figures mean that Ra C’ 
alpha-particles should have sufficient energy to cause the 
reaction to take place. We therefore mixed 50 mc radon 
with argon and attempted to observe hydrogen recoils in 
a hydrogen-filled proportional counter. We found that the 
number of counts rose from 20 per hour to 60 per hour 
when the argon plus radon was brought near. Only deflec- 
tions well above the gamma-ray background were re- 
corded. No recoils were observed from a paraffin layer 
when 6.5 cm absorption had to be traversed although a 
very small yield could not have been detected. The great 
ot 


between 0 and 1.5 Mev. 


majority the neutrons, however, must have energies 


A similar experiment with chlorine gave an increase of 
five per minute per millicurie with the BF; detector. The 
kicks began when the alpha-particle range exceeded 5.3 
+0.5 cm, the yield becoming proportional to thickness at 
79 


7.2+0.5 cm. 


We suggest that the following reactions take place. 


A+ Het—Ca*+n!, 
Cl +Het—+K” + n!, 
The excitation curves suggest that unless a series of 


closely spaced resonance levels are the nuclear 
radii of Cl A*” are 6.110" cm and 7.3107" 


Both values should be regarded as provisional, but it is 


present 
and cm 
interesting to note that the value for A” agrees with Bethe’s 
revised radius for the radioactive elements* while that for 


Cl*? is rather low. It is also possible to deduce from the 


the radio- 
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excitation curves that the mass of Ca* and K*® 


] 


active isotope of potassium) cannot exceed 42.9768 and 


39.9788, with Aston’s value for the mass of A*® and Bait 
bridge’s value for Cl*’. 
We wish to express our thanks to Professor A. | 
Kovarik for his interest and encouragement. 
ERNEST POLLARD 
H. L. ScHu.tz 
GORDON BRUBAKER 
Sloane Physics Laboratory 
Yale University, 
New Haven, Connecticut 
December 30, 1936 
E. Pollard and C. J. Brasefield, Phys. Rev. 51, 8 (1937 
Obtainable in tanks from the Harshaw Chem ( N 
rk City 
}H. Bethe, Phys. Rev. 50, 977 (1936 
The Scattering of Electrons by Atomic Nuclei 
The failure of a recent experiment! to confirm the pre 
diction made by Mott? from the Dirac equations of an 
asymmetry in the intensity of an electron beam twice 
scattered by atomic nuclei increases the interest in the 
experimental tests of the equation for single scattering 
derived by Mott in the same calculation. In most such 


experiments little attempt has been made to exclude from 


the scattered beam as measured those electrons (ignored 


in the theory) which lose energy in being scattered. 
1 


We describe an experiment in which scattered electrons 


were counted only if they retained nearly all their initial 
energy. Electrons from a filament at about 1600 volts 
below ground potential were accelerated into a steel 
chamber where they were scattered by a thin gold foil. The 


chamber was at high potential throughout except for the 
region inside a smaller movable chamber, which received 
scattered electrons through a double diaphragm. The mov 
able chamber contained the collecting electrode behind a 


grid at ground potential. Between the double diaphragm 
and this grid the scattered beam was thus strongly retarded 
and no electron which lost as much as 1600 ev is being 
scattered could reach the collecting electrode. As observa 
tion proved, the retarding field gave an additional advan- 


tag 


the foil, and all kinds of secondary electrons. This freedom 


e by eliminating electrons scattered by other parts than 


from background made it possible to measure the intensit 
of scattering over the small angular aperture of 0.00194 
rad? even at large angles of scattering. 

The potential employed in the following observations 
was 80 kv. The thickness of the gold foil was 5.94 10 
I 


cm, as reckoned from its transparency to sodium light and 


confirmed by weighing. Scattering was observed only at 
oblique incidence, the electrons passing through the foil 
Under these conditions 


The angle of scattering was 90 





Wentzel's criterion for single scattering was roughly 
approximated. 

The ratio of scattered to incident intensity, for the 
effective thickness of the foil at 45° incidence, viz., 8.40 
<10~* cm, was 8.92 10~*. Our probable error is believed 
to be 15 percent. 

Our observed scattering is 0.97 of that predicted by 
Mott, thus differing from that of other observers who 
without such rigorous exclusion of retarded electrons, have 
observed a considerably greater ratio. 

We are grateful to Dr. F. E. Myers and Dr. J. F. Byrne 
for the accelerating equipment and for other assistance, to 
Dr. O. Halpern for helpful discussion, and to Mr. A. C 
Weid for assistance in taking observations 

R. T. Cox 
C. T. CHast 
New York University 
University Heights, 
New York, New York, 
December 30, 1936 


E. G. Dymond, Proc. Roy. Soc. Al45, 657 (1934 
N. F. Mott, Proc. Roy. Soc. A135, 429 (1932) 


An Explanation of the Relative Stabilities of Isotopes of the 
Lighter Elements 


As is well known! the mass and charge of any isotope of 
the lighter elements may be expressed, in the case of atoms 
of even atomic number, as » alpha-particles plus zero, one, 
two or three neutrons; and for atoms of odd atomic 
number, as » alpha-particles plus H,', H,’?, H,’ or H,*. For 
anv given element the existence or nonexistence of all four 
of these possible isotopes has always been a_ puzzling 
problem. The following approximate calculations will show 
that the solution is surprisingly simple and that it is 
possible to state with certainty which isotopes are stable 

To make these calculations the experimental energy 
relations, in terms of atomic weights,? between the neutron 


and the hydrogen isotopes will be used. The assumption 


will be made that the energies of H,', H,? and H,* remain 
approximately constant when these groups exist in com 
bination with alpha-particles in heavier nuclei and the 
problem will be to determine the effect of the nuclear 
charge upon the transition of hydrogen into neutrons or 
helium by the emission of positrons or electrons. As an 
approximation for the coulombic field energy, or field 
mass, of each nucleus, the classical expression? Myr = }Z?/R 
will be used, where Z is the atomic number and R the 
nuclear radius. For the latter the best experimental deter 
minations agree well with the equation of Dunning‘ 
R=1.315X10-"y at. wt. If we know Z and R the value 
of Mr may be calculated for each nucleus and AM, for 
nuclear reactions. The emission of e* reduces Mp and thus 
AMrf is negative for such a process while the emission of e 
increases Mr and AMr is correspondingly positive. The 
following calculations may now be made: 

Type na+ny' and nea+H,;'. For the reaction H,;!=n¢! 
+e*, the total change in mass, AM, is 0.002 mass unit. 
For the reaction Li;>=He.5+e*, AMpe=—0.002 but for 
B;°= Bey’+et, AMr=—0.003 and AMr becomes more 
negative for higher atomic numbers. The decrease in 
coulombic energy is then sufficient to cause positron emis 
sion from all nuclei of the na+H;! type, with the possible 
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exception of Li;®. Hence B®, N K* should not exist 

but all isotopes of the type Be’, ¢ O' should be stable 
Type na+2n¢' and na+H,?. For the reaction H 2n! 

+e*, AM is 0.0045. For the reaction N;"=C,"+¢ 


A Mr = —0.004 and for the reaction Fy'® =O,'' +e", AM; 
—().005. Hence N“ and similar nuclei of lower odd atomic 
numbers should be stable, i.e., Li® and B™” but He® and 
Be” should be unstable. Likewise F'*Na K** are 
unstable and O''Ne*.- - - A®* are stable. 

Type na+ no! and na+H,’. For the reaction H 3ng! 
+e*, AM is 0.010. For the reaction K Ay99+¢ 


AMr is —0.008. Hence the coulombic energy is not suf 


ficient to cause e*~ emission and K** and all lighter isotopes 


of this type, i.e., Li’, B"- - - K®* are stable and Be", ¢ 48° 
unstable. Also, for the reaction H He,*+e~, A.W =0.000 
and since the AM, for e~ emission is always positive, 
isotopes of the type nma+He,' should not exist, i.e., Be 
Cu, O.-- are unstable. 

Type na+4n,! and na+H,*. For the reaction, 4 He 
+2e°, AM=-—0.032. This energy is so large that the 


coulombic energy is not sufficient for the lighter elements 
to prevent electron emission from the na+4np! type, and 
no isotopes differing by 4 mass units should exist. For the 
reaction H,+=He.'+e~, the energy is not known, but it is 
obviously very highly negative, probably about —0.015 
and all elements of the na+H,* type, i.e., Li’, B™, N"°, etc 
will undergo 8 decomposition 

A summary of the predictions for these various types 
gives a complete picture of the isotopes of the elements of 
low atomic numbers. Fortunately the energies are large 
enough so that the approximate calculations of the 
coulombic terms give the correct qualitative answer. For 
heavier elements the composition cannot be simply ex 
pressed in terms of a-particles. The first exception is Cl*’ 
which might be represented at eight alphas plus a hydrogen 
five or as nine alphas plus a negative proton and for 
heavier elements the structures become _ increasingly 
complex. In the author's theory this may be interpreted 
as the conversion of a zinc sulfide type of a-particle lattice 
to a diamond lattice of neutrons with the positiye charge 
on the surface particles, and even approximate calculations 
of the energies can only be made for a few very simple 
structures. 

WENDELL M. LATIMER 


Department of Chemistr 
Universit f Californ 
jerkeley, Californ 


December 18, 1936 


em. Rev. 5, 371 (1928 


Harkins, Ch 
Nature 137, 396 (1936 


Oliphant 

See also Latimer and Libby, J. Chem. Phys. 1, 133 (1933 und 
Latimer, J. Am. Chem. Soc. 58, 1061 (1936 

‘Dunning, Phys. Rev. 45, 587 (1934 


Erratum: Investigations of the Deuteron- 
Deuteron Reaction 


R. LADENBURG AND R. B. RoBERTs, 
Palmer Physical Laboratory, Princeton, N. J 
Phys. Rev. 50, 1190, 1936) 


The last lines of Section 4 should read: “Oliphant, 
Harteck and Rutherford estimate the vield to be of the 
order of magnitude of 1 in 10° at 100 kv.” 
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MINUTES OF THE PASADENA MEETING, DECEMBER 18 AND 19, 1936 


: he 210th regular meeting of the American 
Physical Society was held in room 201 of 
the Norman Bridge Laboratory of the California 
Institute of Technology, Pasadena, California, 
December 18 and 19, 1936. The meeting con- 
sisted of four sessions, each from two to three 
hours in length. Three sessions were devoted to 
the presentation of the thirty-four papers ab- 
stracted below, while the morning session of 
December 19 was utilized for a symposium on the 
200-inch telescope with the following invited 
papers: 
1. The Evaporation Process and its Application to Optical 
Surfaces. JoHN StrONG, Califcrnia Institute of Tech- 


nology. 


2. Some Problems Connected with the 200-inch Telescope. 
Joun A. ANDERSON, California Institute of Technology. 


Attendance at these sessions ranged from 50 to 
75 persons. 

On December 18 a luncheon was tendered to 
visiting members of the American Physical 
Society by the Institute. At a business meeting 
held during the morning session of December 18 
it was voted to approve the holding of a regular 
meeting of the American Physical Society in 
June, 1937, at Denver, Colorado, in affiliation 
with the meeting of the American Association 
for the Advancement of Science. 

PAUL KIRKPATRICK, 
Local Secretary for the Pacific Coast 


ABSTRACTS 


1. A Method for Sealing §8-Magnesia Windows Into 
Steel Spectroscopic Absorption Furnaces and a Needle 
Valve for Controlling the Evacuation of Such Furnaces. 
R. T. Brice, California Institute of Technology.—The 
resistance of 8-magnesia to etching by hot metallic vapors 
has been utilized to construct a spectroscopic absorption 
furnace in which the absorption chamber is in thermal 
equilibrium. A seal is made by grinding and polishing the 
edge of a 3” diameter by }” thick 6-magnesia window to 
a 1° taper and forcing it into a similar taper in a soft 
aluminum or copper rod. The soft metal rod is then turned 
down to 0.020” wall thickness, using the same taper, 
leaving a window tightly fitted into a protective collar. 
A smooth inside-taper is cut in a thick-walled, hollow steel 
bolt and the encased window forced into this taper. The 
result is a 8-magnesia window tightly sealed in a heavy 
steel casing which can be easily sealed into an absorption 
furnace with aluminum, copper or nickel gaskets. Windows 
mounted with aluminum were tested at 435°C without 
leaking and a window mounted with copper was tested 
at 587°C. To control evacuation of the furnace, a stainless- 
steel valve has been built which seals an opening in the 
wall of the furnace, does not produce a cold spot, and can 
be manipulated from outside the furnace. It has worked 
satisfactorily over a period of eight months. The upper 
limit of temperature for use of the 8-magnesia seals and 
stainless-steel valve has not been determined 


2. Recording Apparatus for the Measurement of Inte- 
grated Intensities of X-Ray Reflections. O. B. JACKSON AND 
A. Goetz, California Institute of Technology.—The appa- 
ratus is used as an integral part of a Bragg-spectrometer 
with stationary ionization chamber. It is designed espe- 


cially for simultaneous measurements of §Jdd and Jmax 
at low temperatures. In principle the device consists of a 
mechanical coordination of the movement of a narrow slit 
in front of the ionization chamber with the movement of 
a photographic plate upon which the deflections of a 
galvanometer are recorded. The galvanometer indicates 
by means of a d.c. amplifier the current in the ionization 
chamber. The difference between this method and the 
usual method of determining the integrated intensity 
consists in keeping crystal and x-ray tube stationary and 
moving the slit of the ionization chamber. The resolving 
power is thus increased considerably whereas the records 
obtained for different orders are not directly commen- 
surable due to the mosaicness of the crystal. By means of 
an empirically determined factor the comparison can be 
made possible. The integration is performed by weighing 
cut-out prints of the records on photographic paper 


3. Further Studies of the C. T. R. Wilson Condensation 
on Charged Carriers Using Various Liquids. LEoNarD B 
Loes, A. F. Kip, A. W. Ernarsson, University of Cali- 
fornia.—Previous investigations reported at the Wash- 
ington meeting June 19, 1936, have been extended to the 
substances detailed below. Aside from the addition of 
three new substances showing preference for the negative 
ion, the studies of mixtures brought out the following 
facts. While pure acetic acid has positive preference and 
water has negative preference the mixtures of any large 
proportion of either showed no sign preference as might 
be expected. The limit for condensation on ions was 
lowered below the value for either constituent as had been 
observed elsewhere in the case of alcohol and water. 
This should follow from vapor pressure laws. HCI and 
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water mixtures show no deviation from pure water at all 
concentrations. This shows that uncharged molecules of 
HCl vapor do not form nuclei of condensation. These 
experiments revealed the formation of the stable uncharged 
nuclei so often found, to be due to droplets of HCI and 
water vapor that had condensed about ions or uncharged 
particles by a previous expansion, and that had not 
evaporated completely, but had lost their charge. 
No sign preference 
CONDENSATION RATIO 
CHARGED l -— ‘ane 


~ ot 
Acetone (CH3)2CO 1.88 2.06 
Acetic Acid +H20 1,24 1.33 
Negative lon Preference 
E.. EB. Eo 
Aniline CsH:NH 1.44 1.48 
Chlorobenzene CeHs5Cl 1.53 1.60 1.80 
Toluene CeHsCHs 1.60 1.69 1.73 
H:O +HCl 1.27 >1.3 1.37 


4. Electron and Negative Ion Mobilities in Oxygen, Air, 
Nitrous Oxide, and Ammonia. RussELL A. NIELSEN AND 
Norris E. BRapBury, Stanford University.—The electrical 
shutter method for measuring electron mobilities in gases 
has been extended to include experiments in oxygen, air, 
The experimental data 
energy 


oxide, and ammonia. 
support the hypothesis that 
electrons with molecules of these gases may be inelastic. 
Such vibrational levels, 
electronic levels, the molecule. The 
results are compared with experiments reported elsewhere 
on negative ion formation in these gases. In general the 
onset of negative ion formation is accompanied by inelastic 
collisions which result in a marked increase in the electron 


nitrous 
collisions of low 
collisions cause excitation of 
or dissociation of 


drift velocity. 

Negative ion mobilities in these gases have been meas- 
ured in the same apparatus by an adaptation of the 
Rutherford alternating current method. The ions were 
formed by electron attachment in an auxiliary field and 
their mobility determined at various ages. The probable 
character of the ions is discussed after comparing the 
experimental results with those predicted by the Langevin 
theory 


5. A New Radioactive Isotope of Fluorine. ArtTHUR H. 
SNELL, Radiation University of California 
(Introduced by Ernest O. Lawrence).—When neon gas is 
bombarded with 5 MV deuterons, an active product is 
formed which emits positive electrons and decays with a 
period of 112+4 minutes. This active substance behaves 
chemically like fluorine, and since it is neither of the two 
F!7 and F®, it must be F!8. The 
reaction describing its formation is then 

10 Ne?°+,H? oF 8+.He* 


and in decaying it goes to stable O'’. Absorption measure- 


Laboratory, 


known radiofluorines, 


ments of the positrons indicate that they have a maximum 
energy of about 500 kv. 


6. The Energy and Absorption of the Gamma-Radiation 
from Lithium Bombarded by Protons. L. A. DELSAsso, 
W. A. Fowter, C. C. 


Technology.—F urther cloud chamber studies of pairs and 


PHYSICAL 


LAURITSEN, California Institute of 
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single particles ejected from a thin Pb scatterer by the 
gamma-radiation from Li’+H! have confirmed the existence 
of a strong line at approximately 17 Mev. There is some 
indication of a line at approximately 14 Mev, the intensity 
of which is not more than 25 percent of the total radiation 
markedly the 


electrons 


Collimation of the beam has reduced 


number of single positrons and low energy 
apparently originating in the scatterer, without materiall, 
changing the number of pairs. The distribution in energy, 
of the Compton electrons is in fair agreement with the 
predictions of the Klein-Nishina theory. 

In order to measure the absorption coefficient of the 
radiation, the cloud chamber photographs were taken with 
a 1.0 cm Pb absorber placed alternately in and out of the 
beam incident upon the scatterer. The total number of 
pairs observed decreased from 328 with no absorber to 
194 with the absorber in the beam, whereas the number of 
pairs above 15 Mev decreased from 233 to 122. The total 
absorption coefficient in Pb of the unmodified radiation 
producing pairs above 15 Mev is thus un =0.66+0.09 cm“. 
The theoretical Klein-Nishina absorption coefficient for 
17.5 Mev radiation is ¢=0.09 cm™ while the Oppenheimer- 
Bethe-Heitler absorption coefficient is s=0.64 cm™, the 
total absorption thus being «=0.73 cm™, a value with 
which the observed coefficient is in agreement. 


7. The Radioactivity Induced in Calcium under Deu- 
teron Bombardment. Haro_p WALKE,* Radiation Labora- 
Introduced by Ernest O. 
Calcite crystals have been bombarded in the 


tory, University of California 
Lawrence). 
Berkeley cyclotron with 5.5 
have been rendered strongly radioactive. Several decay 


million volt deuterons and 
periods have been observed, chemical analyses indicating 
that most of the activity is due to scandium isotopes. 
The decay of the weak calcium activity shows evidence 
of only a single period with a half life of 2.3+0.3 hours, 
whereas the scandium shows periods of 53+3 minutes 
4.0+0.1 hours and 52+2 hours. The results of Zyw' and 
of Hevesy? suggest that the half lives of Sc*® and Sc* are 
3 hours and greater than a year, respectively. It is thus 
possible that the isotopes observed are Sc*!, Sc*® and Sc*4 
produced by reactions of the type: 
Ca* +H? Sc¥+i+n! 

The 4-hour period is probably due to Sc* for this half life 
agrees with the value given by Frisch,’ namely ‘4.4 hours 
with a possible error of 10 percent.” 

Using the strong source available, an attempt has been 
made to induce radioactivity in calcium by neutron 
bombardment. Weak activities, probably due to impurities, 
have been detected, though the results are not consistent 
No evidence of the 4-hour period observed by Hevesy and 
Levi‘ has yet been obtained 


* Commonwealth Fund Fellow 

'Zyw, Nature 134, 64 (1934 

? Hevesy, Nature 135, 1051 (1935) 

3 Frisch, Nature 136, 220 (1935) 

4 Hevesy and Levi, Nature 135, 580 (1935 


8. Are There Metastable Molecules in the Lewis- 
Rayleigh Glow? JosePpH KapLAn, University of California 
at Los Angeles —During the preparation of nitrogen tubes 
for the emission of the auroral afterglow, observations 
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were made which give an answer to the above question. 
When the nitrogen is being purified by repeated flashing 
of the tube, a stage is reached, at which the tube shows 
the Lewis-Ravleigh glow, which is the one characterized 
by members of the first-positive group only. On further 
purification, this glow is replaced by the auroral afterglow, 
the spectrum of which contains the first-positive, second- 
positive, Vegard-Kaplan and first-negative systems. When 
pure oxygen is added to this tube, the afterglow is increased 
in intensity, but the spectrum retains its auroral char- 
acteristics, although changes occur in the relative intensi- 
ties of the bands. It appears that once a tube shows the 
auroral glow, the addition of pure oxygen does not produce 
the L-R glow. These, and other results, indicate that no 
relation exists between these two glows. The absence of 
the Vegard-Kaplan and the Goldstein-Kaplan bands from 
the L-R glow is further indication that there are no 
metastable molecules in this glow. This contradicts the 
and the 


hypothesis presented sometime ago by Cario 


present author. 


9. The Thirty Kilowatt Continuous-Rating X-Ray Out- 
fit of the Watters Memorial Research Laboratory at the 
California Institute of Technology. J. PAuL Youtz Anp 
Jesse W. M. DuMownp, California Institute of Technology. 

Reporting steady operation of DuMond gyrating target 
x-rav tube at 105 m.a., 287,000 volts continuous current. 
Output { kw of Water-cooled gyrating target 
facilitates focal spot cooling. Tantalum cathode filament 
(40 mil diam. 30 amp. 5 v) provides stiffness and long life. 


x-rays. 


Gold covered copper targets used. }” target-filament gap 
shielded against field distortion and stray or secondary 
electrons. Filament current supplied by storage batteries 
kept charged by generators, the 
latter insulated from ground for 500 kv and driven by 72” 
rubber V-belts. Adequate lead shielding built into the 


usual lead 


two d.c. (automobile) 


tube throughout so that the house is 


Filament control remote regulated 


x-ray 
unnecessary. current 
by horizontal, fixed length, variable section, mercury 
rheostat. Water circulating in rubber hose used as part of 
all principal circuit connections to stabilize against surges. 
Indicating equipment for operation includes DuMond- 
Knudsen vacuum gauge. 
against surges through milliammeter. Obstruction charcoal 


traps directly heated for baking-out, by imbedded heater, 


Neon lamp by-pass protects 


assist in clearing system of vapors slow to pump by oil 
diffusion pumps. Standard voltage doubling power circuit 
using four banks 150 kv, 1/12 mfd, condensers and two 
300 kv kenotrons with 80 mil, 100 amp., 1 kw filaments, 
baked out before operation by 5000 v a.c. direct to plate. 
125-cycle synchronous motor driven alternator supply. 
Operation comparable with 10 m.a., 50,000 v sets. Steady 
and quiet, reliable, very compact, occupies 6 mX6 m 


x 3.2 m. 


10. The Coefficient of Recombination of Pure Oxygen 


as a Function of Pressure and Temperature. M. E. 
Introduced by Leonard 
the coefficient of re- 


GARDNER, University of California 


B. Loeb). 


A re-determination of 
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combination, @, for the electron free gas oxygen was made 
by using a glass chamber which was thoroughly outgassed 
prior to the introduction of carefully purified oxygen. The 
value of a was found to be a constant independent of age 
from 107? pure oxvgen at 


constant pressure and temperature. The value of @ ob- 


seconds on to 1 second for 
tained at atmospheric pressure and room temperature was 
2.0+0.1)10~*. The value of @ as a function of the pressure 
of the gas was found to be in fairly good agreement with 
the theoretical values of J. J. Thomson for pressures of 
10 cm to one atmosphere. The variation of a with temper- 
ature was not in such good agreement with the theoretical 
values as the pressure variations. The deviations from the 
theoretical values can be partially explained in terms of 


the experimental difficulties involved. 


11. Relations Between the Self-Consistent Field and 
Bohr’s Nuclear Model. W. M. ELsasser, Cali 
Institute of Technology.—In Bohr's 
the nucleus is equivalent to a degenerate gas and it is 


fornia 
semiclassical model 
shown that any excitation energy will in the most probable 
case be divided among a large number of particles. Starting 
from a Hartree-Fock 
instance by Bethe in computing the term density, 
express the quantum equivalent of this picture as follows 


self-consistent model as used for 


we can 
The spectral density of terms being very great, their 
energetic spacing will be much smaller than their mutual 
interaction under a perturbation which corresponds to the 
difference between the selfconsistent and the true Hamil- 
tonian. Treating a great number of terms as degenerate 
together, the new wave functions will be linear combina 
tions of a large number of Hartree-Fock functions. For 
the lowest terms however the spacing is quite considerable 
and therefore the original features of a_ self-consistent 
field, in particular the formation of 
not get entirely lost under the perturbation. This agrees 


‘closed shells,”’ will 
with the well-known empirical behavior of nuclear binding 


energies. The author has previously shown that these 
variations are empirically stronger for even than for odd 
nuclei. This is in full agreement with the above considera- 


tions, if allowance is made for forces between like particles 


12. The Refractive Index of Air in the Infrared. Da vip 
BENDER, California Institute of Technology.—There is some 
disagreement among the experiments on the refractive 
index of air in the infrared. The results of Perard (1924) 
are about 0.2 percent higher than those of the Bureau of 
Standards (1918). More recent results have agreed more 
closely with Perard than with the Bureau, and have tended 
to be even higher. The present measurements, though 
unfinished, also lie above Perard’s values, being on the 
average 0.4 percent higher than those of the Bureau. The 
measurements are being made on dry CQO>.-free air with a 
Fabry-Perot interferometer having a separation of 14 or 21 
millimeters. Neon and 
wave-lengths out to 8853A have been observed up to the 


lines have been used exclusivel\ 
present time. The total fringe shift ranges from 8 to 15 
fringes and the error in the order of interference is about 
0.005 fringe. Thus the error in the index from this source 
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is about 0.05 percent. The pressure and temperature meas- 
urements are accurate to within 0.08 percent. Although the 
spread in the individual index measurements covers nearly 
0.3 percent, the inaccuracy of the final curve will be con- 
siderably less than 0.1 percent. 


13. A Method of Removing the Errors of Tooth Spacing 
to Produce High Precision Worm Gear Wheels by Lapping. 
DouGLAs MARLOW AND JEssE W. M. DuMonp, California 
Institute of 


method of reducing and distributing the initial errors of 


Technology.—We describe a rapid and cheap 


tooth spacing in a worm gear wheel by constructing it 
in two halves with half the width of each tooth in each half. 
The wheel is lapped with emery using a dummy worm, the 
two halves of the wheel being shifted relative to each other 
according to a certain schedule between stages of lapping. 
We show that the proper angular intervals for such shiftings 
should be integer powers of } a revolution. The method has 
been tried on the construction of two highly precise worm 
gear wheels for a two crystal x-ray spectrometer. By precise 
optical tests we have determined that on the better of these 
two wheels making abstraction of the slight eccentricity 
the greatest deviation of teeth (cumulative error) from the 
mean position was of the order one ten thousandth of an 
inch. A further application of the method could doubtless 


have still improved this 


R. M. 


Recent ad- 


14. Table of Observable Interstellar Lines. 
LANGER, California Institute of Technology. 
vances in technique which have made possible brighter 

regions have led Mt. Wilson 
| 


astronomers to look for new absorption lines due to atoms 


spectra in the ultraviolet 


writer of the 
light 


in interstellar space. Calculations by the 
intensity and spectral distribution of interstellar 
together with published tables of term values of atoms and 
ions permit the determination of all observable lines which 
can be expected from the interstellar gas. An exhaustive 
table of this material is being prepared. Approximate 
relative intensities can be expressed in terms of relative 
abundances. Absolute abundances can be determined only 
when the electron concentration is known. This depends 
mainly on the relative abundance of hydrogen. The relative 
abundance according to the present theory of the two 
elements which have long been known, namely sodium and 
calcium, is about 30 to 1. This figure is about ten times the 
apparent relative abundance in the sun. The discovery of 
any new lines will most likely show whether this discrep 
ancy is real. 

15. Precision Determination of h/e from the Short 
Wave-Length Limit of the Continuous X-Ray Spectrum. 
VERNON L. BOLLMAN AND JEssE W. M. DuMonp, Cali- 
fornia Institute of Technology —Two precision determina- 
tions of the short wave-length limit of the continuous x-ray 
spectrum have been made in the regions of 10,000 and 
20,000 volts, respectively, by the method of isochromats 
under very steady applied voltage using the two crystal 
spectrometer as monochromator. The reference lines for 
setting the monochromator were Mo K8 and W L@;. A 
thin window tube with a nickel target coated with tungsten 
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by evaporation was used. Very careful attention has been 


given to all corrections. 


On the assumption that the ruled grating x-ray wave 
lengths are correct (Mo KS,=0.6211 10 cm, W Lg 
= 1.2818 10-5 cm) we get 4/e=1.3767 x 10 Making no 
such assumption but inserting the value of the x-ray wave- 


lengths as a function of e from the data on crystal density, 
the Faraday constant and x-ray diffraction and solving for 


e we get e/h'4=2.0715 X10". The results on this experi- 


ment agree with those of previous experimenters much 
better than they agree with other methods of determining 
functions of e and / and the present experiment confirms 
and emphasizes the puzzling discrepancy in these physical 
It seems well nigh 


this 


constants already emphasized by Birge 


impossible to blame the present experiment for 
discrepancy. By elimination we are led to suspect the cor 


rectness of accepted values of the Faraday constant. 


16. Carrier Mobility Spectra in the Electrification by 
Spraying and Bubbling of Liquids. SeviLLE CHAPMAN 
Introduced by Leonard B. Loeb). 


reported on the mobility 


University of California 
Data previously spectrum of 
spray electrified salt solutions investigated with an Erick- 
son mobility tube under conditions of high resolving power 
have been extended to a larger number of substances 
Results for these are similar to those previously obtained 
Data on the electrification of distilled water by bubbling 
show that there are carriers of both signs pr« xluged although 


Bub- 


more sharply defined groups of 


the negative predominate in the ratio of 2.5 to one 


bling gives somewhat 
carriers than spraying, the groups for bubbling occurring 
at mobilities 1.5 cm/sec. per volt/cm and 0.23 for the 
negative, and 0.9 and 0.4 for the positive. Preliminary work 
on the spraying of nonaqueous liquids shows that for 


Water 


alcohol shows pronounced groups of mobilities at 1.0 and 


benzene there is no electrification. free absolute 
0.4, the electrification in this case being about 12 times that 
for distilled water. Nitrobenzene, aniline, and glacial acetic 
acid do not show pronounced groups, the spectra being 
more or less continuous, although few carriers of mobility 
greater than 0.5 were found. For these substances the total 
amount of electrification is respectively the same as, and 


six times that for distilled water 


17. On the Continuous 8-Ray Spectrum of P**. \\. | 
Introduced by J. R 
The results of Lyman on the form of the 


LAMB, JR., University of California 
Oppenheimer). 
continuous 8-ray spectrum of P® are not in agreement with 
the Konopinski-Uhlenbeck plots. Some improvement in the 
fit may be obtained if one uses the K. U. ansatz, but applies 
it to find the distribution for the 3rd Sargent curve, which 
is probably the correct one for P®, although the discrepancy 
is still beyond experimental error. One can, however, ob- 
tain an almost perfect agreement with experiment by an 
ansatz for the coupling which depends only on first deriva- 
tives of the neutrino wave functions. For this, one may take 
for the coupling term in the Lagrangian, a sum of two 
scalars, one of which may be written as the product of 
heavy and light particle six vectors, and the other as prod- 
uct of one pair of the corresponding pseudovectors. 
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18. The Radioactive Isotope of Potassium. W. R. 


SMYTHE AND A. HEMMENDINGER, California Institute of 


Technology.—Using the high intensity mass spectrometer 
described by Smythe, Rumbaugh, and West,! we have 
separated samples of the three isotopes of potassium, K®*®, 
K*9, and K*!. The radioactivity of the collector bearing the 
isotopic sample can be compared with that of a dummy 
collector by swinging them alternately in front of a thin 
aluminum walled Geiger-Miiller counter mounted inside 
the apparatus and admitting the proper amount of air for 
counting. The background of the counter is extremely 
steady at one count per minute. Two complete sets of 
samples were tested. One sample of K*°, probably consider- 
ably less than the 20.4/8300 mg estimated from the un- 
corrected collecting current, doubled the original activity 
of the collector, whereas the samples of K** and K*® showed 
only the activity to be expected from the known amount 
of K*® present, which was 7 percent of the natural abun- 
dance. Comparison with counts made on weighed samples 
of potassium chloride indicates that K*°® is responsible 
certainly for the low energy beta-particles and very 
probably for those of high energy also. 


1 Smythe, Rumbaugh and West, Phys. Rev. 45, 724 (1934). 


19. Optical Absorption of Fused Germanium Dioxide 
from 0.1854 to 8.5u. R. WiLt1AmM SHaw, Cornell Uni- 
versity.—Studies by Laubengayer! have shown that the 
values of refractivity and dispersion of fused germanium 
dioxide in the visible spectrum are both considerably 
higher than for silicon dioxide in the same chemical family. 
The ultraviolet transmission, unlike that of quartz, is 
zero from 0.315 to 0.1854 for a sample 2 mm thick. Im- 
mersion in liquid nitrogen moves the transmission limit 
160 angstroms toward shorter wave-lengths. No appreciable 
absorptions appear from 0.3154 to 2.86u. At the latter 
point a characteristic absorption is observed. Between 
2.864 and 4.5u the transmission is again normal except for 
a shallow (5 percent) but narrow band at 4.244 which 
seems to have an analogue at 2.26u. From 4.5u the trans- 
mission decreases rapidly to zero at 6.154 with a character- 
istic inflexion in the curve at 5.40u. From 6.15 to 8.54 the 
2 mm sample is opaque. Fused germanium dioxide exhibits 
then a uniform transmission from the near ultraviolet to 
4.5u except for one sharp absorption at 2.864. This absorp- 
tion is very nearly symmetrical and might conceivably be 
suitable for calibration purposes in the near infrared. The 
Raman spectrum of germanium dioxide, excited by the Hg 
line \3650, is a single band. The frequency interval between 
the band center and the parent line corresponds to the 
wave-length 2.88u. Details will be published in the near 
future. 

\. W. Laubengayer, J. Phys. Chem. 30, 1510 (1926). 


20. The Band Spectra of BiF, BiCl, SbF, and SbCl. 


GEoRGE D. RocHester,* University of California.—Three 


new systems of bands, degraded to shorter wave-lengths 
and forming a triplet system with wide multiplet separa- 
tions (7300 cm™~ and 4800 cm), have been found in the 
spectrum of BiF at 3050-3250A, 2650-2850A, and 2250 
2350A. Photographs taken with small dispersion indicate 


that the w values for the ground and excited states are 
approximately 520 cm and 620 cm. No new band sys 
tems have been found in BiCl. The spectrum of SbF has 
been observed from 42000-5500 and found to have groups 
of bands in the regions 3600—5200A, 2600—-2700A and 
2200-2430A. An analysis of the first group shows that 61 
out of 69 bands can be placed into two systems with almost 
the same values of w,’ and w,’’; the wave numbers of the 


bandheads are given by the formulae: 


v; = 21887.5+411.3(v’ +3) —1.7 
vy = 23992.5+420.0(v’ +3) —1.7: 


The group at 2600—2700A consists of a few isolated bands 
degraded to shorter wave-lengths and that at 2200-2430A 
of bands grouped in sequences and also degraded to shorter 
wave-lengths. A preliminary analysis of this group indi- 
cates that most of the bands fit into two systems for which 
we’ ~700 cm, w,.’’~620 cm™, and Avj2~1900 cm. A new 
system has been found in the spectrum of SbCl in the 


region 4000-5500A. 


* Commonwealth Fund Fellow. 


21. Analysis of the Linear Amplifier.* H. TaTeL, Stan- 


ford University —An attempt has been made to improve the 


empirical linear amplifier used with a Wynn-Williams 
ionization chamber to detect a-particles. This investiga- 
tion has been divided into two parts. First the signal to 
noise ratio was determined analytically by resolving the 
pulse into a Fourier integrand and multiplying it by an 
amplifier function (w"/wo)e** where w is the circular 
frequency. Upon integration, the output voltage was com- 
pared to the random noise voltage generated in the input 
stage as given by Johnson?¢ and using the amplifier function 
above. Neglecting shot noise, n»=2 and a=0.577T (T is 
the collection time). The r.m.s. of the signal to noise ratio is 
(Pp?) =4.46 X 10N( R/T)! 

(N is the number of ions collected, R is the input resistance). 

The second part of the investigation has been aimed at 
reducing natural a-particle background. This was achieved 
by designing the chamber so that any surface at which a 
detectable a-particle could originate could easily be re 
moved and rinsed in concentrated nitric acid. Experience 
has shown that this procedure keeps the background con 
sistently below 5 a-particles per 100 cm? of brass per hour. 

* A large part of this was done at the Massachusetts Institute of 


Technology. 
t J. B. Johnson, Phys. Rev. 32, 97 (1928 


22. Positive Ion Mobilities in H, by the Townsend 
Deflection Method. ALLEN V. HERSHEY, University of 
California (Introduced by Leonard B. Loeb).—The mobility 
of positive ions at low pressure and at high X/p is being 
studied as a function of field strength by means of the 
Townsend deflection method. From preliminary measure- 
ments with ions presumably K* having a molecular weight 
of 39, the mobility constant in Hs. was found to be 13.5 at 
p=0.7 and at X/p=5 (p=pressure in mm, X =field 
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strength in volts/cm), in excellent agreement with values 

obtained by Powell and Brata.! At the same pressure and 

at X/p=50 the mobility constant was 30 percent greater. 
1 Powell and Brata, Proc. Roy. Soc. Al38, 117 (1930). 


23. Method for the Production of Metal Single Crystals 
Between 20u and 0.2u. J. RINEHART AND A. GOETZ, 
California Institute of Technology—In order to measure 
the dependence of electromagnetic properties of metal 
crystals upon their size, it is necessary to avoid plastic 
deformation during the production of the crystal. As the 
methods used in general for the production of fine single- 
crystalline powders consisted of the application of mechan- 
ical methods such as grinding, etc., a new method was de- 
veloped by which the metal is sprayed while liquid by the 
application of a high pressure gas (100-150 atm.) at a 
temperature above the melting point of the metal. The 
resulting metal dust crystallizes while hovering in an oil fog. 
The particles are then separated by sedimentation and 
centrifuging in order to obtain suspensions of crystals of 
equal size which are then oriented crystallographically 
parallel after the method of Goetz and Faessler. 


24. The Modified Scattered Spectrum of Characteristic 
Molybdenum K Radiation at Large Scattering Angle with 
Helium Gas as the Scattering Substance Using a Curved 
Quartz Crystal Spectrograph. Harry A. KIRKPATRICK 
AND JessE W. M. DuMownp, Occtdental College and Cali- 
fornia Institute of Technology.—After an exposure of over 
two thousand hours with a curved quartz crystal spectro- 
graph and a scattering chamber one meter long with cellu- 
loid window containing helium gas under 200 lbs. /in.? pres- 
sure, we have obtained what we believe to be the first 
actual spectrum of Compton shifted radiation ever made 
with a gaseous scatterer. This permits a comparison of the 
observed breadth and structure of the modified line with 
the absolute predictions of DuMond’s theory for an atom 
of sufficient simplicity to permit the electron momentum 
distribution to be computed and this without the uncertain- 
ties introduced by the perturbing effects of neighbors 
(always present in previous work with solid scatterers). A 
fairly precise measurement of shift is also obtained in which 
the Ross and Kirkpatrick shift defect is minimized by the 
choice of He as scatterer. Preliminary measurements sup- 
port the theoretical expectations. 


25. The Effect of Mercury Vapor on the Townsend 
Coefficient, a, in Pure Nitrogen. Wooprorp E. Bow .s, 
University of California (Introduced by Leonard B. Loeb).— 
In conjunction with an investigation of the apparent effect 
of cathode material on 8, the second Townsend coefficient of 
ionization by collision, in nitrogen, the values of a, the 
coefficient of ionization by electrons, have been evaluated. 
The measurements have been carried out in a carefully 
baked out, mercury free, chamber. The values of a/p have 
been determined in a range of X/p from 215 to 1000. (p is 
the pressure in millimeters of mercury and X, the field 
strength in volts per centimeter.) The values of a/p ob- 
tained were approximately 80 percent of the values obtained 
by Townsend. Since the original ionization chamber of 
Townsend contained mercury, it was thought advisable to 


ascertain whether the presence of mercury could account 
for the difference in the values of a/p. When mercury was 
admitted to the chamber, values of a/p approximately 96 
percent of the Townsend values were obtained. Outgassing 
up to 375° centigrade for twenty-four hours did not suffice 
to restore the low values completely. Removal of the mer- 
cury by dismantling of the chamber and chemically treat- 
ing all the parts nearly restored the low values. 


26. Intensities of X-Ray Reflections from Bi Crystals 
Between 25° and 530° Abs. ALEXANDER GOETZ AND 
Ropert B. Jacoss, California Institute of Technology. 
The temperature variations of the integrated intensities of 
reflections of Mo Ka radiation from Bi crystals on (111 
are measured over a range near the boiling point of hydro- 
gen to the melting point by means of the modified Bragg 
method using the second, third, and fifth order. The tem- 
perature functions of the relative values of the intensities 
Jr/Jx) were checked with the Debye-Waller relation. 
By an approximation method the characteristic tempera- 
tures of Bi were calculated without (@) and with (6* 
consideration of the zero point energy. The values thus 
obtained are 6=92.5° and 6* =95.9°. The latter value is in 
very close agreement with 6-values determined from spe- 
cific heat measurements. The measurements support the 
assumption of the zero point energy. 

No indication of a discontinuity of the intensity was 
found in the regions of pseudo-allotropic transformations 

A deviation from the Debye-Waller relation is noticeable 
for higher temperatures, especially in a range 50°-80 
before the melting point in the direction of an absolute 
increase of the Debye factor. This increase is reversible if 
the crystal is kept in thermal equilibrium, shows, however, 
a hysteresis if this is not the case. This phenomenon can 
be interpreted as being due to a temperature dependence of 
the secondary extinction. 


27. The Thermal Expansion of the Bi Lattice Between 
25° and 530° Abs. Ropert B.: JACOBS AND ALEXANDER 
Goetz, California Institute of Technology.—The thermal 
expansion of the lattice of Bi crystals between the boiling 
point of hydrogen and within 7° of the melting point of the 
crystal is measured by means of a modified Bragg method 
along [111] for the 2nd, 3rd and 5th order, The thermal 
expansion coefficient thus obtained (a) varies from 8.3 
x10-* to 17.4X10-* for the temperature range @=T7. 
Beyond 120° ay stays unchanged until the melting point. 
Only the range between —15°C and +75°C forms an ex- 
ception where the expansion coefficient drops to 13.8 
<10-*. This seems to indicate the existence of a separate 
‘‘phase”’ not characterized by a change of the lattice con- 
figuration and confirms certain previous findings of dis- 
continuities at 75° (Peltier effect, diamagnetic susceptibil- 
ity, chemical affinity, dilatometric expansion). In qualita- 
tive agreement with findings by Goetz and Hergenrother 
and in disagreement with the measurements of Jay, a 
definite divergence between the lattice and the integral 
expansion beginning 30° before the melting point was 
found. The Griineisen rule (a: /c,=const.) is found to hold 
in first approximation for the whole temperature range, 
except the very lowest temperatures. 
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28. The Fine Structure of Ha and Dae. WILLIAM \ 
Houston, California Institute of Technology—By means 
of the method of analysis described at the Seattle meeting 
of the Physical Society! the interferometer patterns of Ha 
and De have been studied with changes in the conditions 
of excitation and with different separations of the inter- 
ferometer plates. The analysis has involved the assumption 
of four components located at approximately the positions 
given by the theory for the four strongest components of 
this pattern. The best fit is obtained when the separation 
of the two strongest components is about 2 percent less 
than the theoretical value. The intensity of the third 
strongest component is always considerably greater than 
its theoretical value, even at pressures as high as one 
millimeter. In no case does there seem to be any difference 
between Ha and Da except the difference in width due to 
the temperature motion 


1 Phys. Rev. 50, 292 (1936 


29. A New Band of Atmospheric Oxygen. Haroip D. 
Bascock, Mount Wilson Observatory.—W ith the discovery 
and measurement of the 1,1 band of ordinary oxygen! an 
accurate determination of the vibrational energy of the 
normal molecule became possible. This permits the 
computation of positions of lines in bands, theoretically 
existent but not previously observed, which arise from 
the same lower state as the 1,1 band but involve other 
vibrational levels of the upper state. The band 1,2, having 
the same upper level as the a band near \6276, is predicted 
accurately from the observational data. About twenty 
lines belonging to it have been measured, A\6955-6996, 
with air-paths of about 100 km. The identity of the new 
band is established by the close agreement between 
computed and observed positions and by the character of 
the lines themselves. Known spacings of various energy 
levels in the molecule are shown by the new band within 
a few hundredths of a wave number. An improved value 
of the vibrational constant from 1,1 and 1,2 and full 
details of these and other bands are being prepared for 
publication. The strongest lines of 1,2 resemble the six- 
teenth and seventeenth P doublets of the B band in 
intensity. 


Babcock, Phys. Rev. 35, 125 (1930 


30. The Magnetic Scattering of Slow Neutrons. L. 
Jackson Las._ett, University of California (Introduced by 
E. O,. Lawrence 


sections for the scattering of slow neutrons by iron and 


To determine whether the large cross 


nickel! arise in part from the ferromagnetic nature of 
these materials, a comparison of the back scattering at 
room temperature and above the Curie point was made. 
In conformity with the methods of earlier workers a 
thin silver piece was used as a detector of the incident 
and reflected neutrons, for it was found that with such a 
detector two thirds of the activity arose from C-group 
neutrons and that the difference in scattering between 
nickel and copper could be detected easily. 

Because no significant change could be found in the 
scattering by iron and nickel as these elements were raised 


above their Curie temperatures, it is concluded that the 


largeness of their scattering cross sections is not of magnetic 
origin. In view of a calculation by Bloch? of the magnetic 
scattering to be expected in a ferromagnetic substance, 
however, this result does not preclude the neutron pos 
sessing a magnetic moment equal in order of magnitude 
to a nuclear magneton. 

A. C. G. Mitchell, E. J. Murphy and M. D. Whitaker, Phys. Rev 
$0, 133 (1936), and B. Pontecorvo and G. C. Wick, La Ricerca Scientif 
II 1, 134 and 220 (1936 

2 Bloch, Phys. Rev. 50, 259 (1936 


31. Fundamental Properties of Light From Distant 
Nebulae. F. Zwicky, California Institute of Technology 
Pasadena.—In order to arrive at a rational explanation of 
cosmological phenomena, such as the redshift of light from 
distant nebulae, it is necessary to establish a reference 
system of physical measurements on a cosmological scale. 
For this purpose a number of dimensionless ratios between 
fundamental physical quantities and their dependence on 
time and location must be investigated. The simplest 
inquiry of this kind refers to the properties of propagation, 
diffraction, refraction and absorption of terrestrial light 
and ‘“‘nebular”’ light respectively. Some data are already 
available on the aberration of light from distant nebulae 
as well as on the properties of this light when tested with 
prisms, gratings and suitable absorbing media. From these 
data we may conclude that the quantities c, he and / 
are the same within about five percent for terrestrial light 
and nebular light respectively. The more fundamental 
problem of the dependence of a number of dimensionless 
ratios on the ‘history’ of the universe is still under 


investigation. 


32. Polarization of the Solar Corona. WiILLI M. Coun, 
Berkeley, California.—The polarization of the corona was 
determined from photographic plates taken during the 
total solar eclipses of 1932 and 1934.! The observations 
were favored by perfectly clear skies. Polarigraphs of 34 
and 60-inch focal lengths were used, the quartz Wollaston 
prisms arranged in front of the objectives. Color screens 
of narrow transmission ranges were used for obtaining the 
polarization as a function of the wave-length. Intensity 
squares were printed on each corona plate right after the 
eclipses. The plates were measured by means of the 
Hartmann microphotometer of the Lick Observatory and 
the Zeiss microphotometer of the Physics Department, 
University of California. Polarization data are presented 
for wave-lengths 420, 447, 482, 668 mu. The results show 
polarization values increasing, as a rule, from the limb of 
the sun towards the outer corona. The curves in the violet 
and green pass through a maximum, then decrease again. 
The curves for great wave-lengths are considerably steeper 
than those for small wave-lengths, indicating that electron 
scattering, alone, cannot be responsible for the light 
emitted from the corona. 

1W. M. Cohn, Publ. Astron. Soc. Pacific 46, 177-185 (1934). 


33. The Removal of the Ion Beam of the Cyclotron from 
the Magnet Field. Luis W. ALVAREz, EDwin MCMILLAN 
AND ARTHUR H. SNELL, University of California (Introduced 
by Ernest O. Lawrence) —Many obvious advantages can 
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be obtained if the ion beam produced by the cyclotron is 
carried to some distance from its source, away from the 
magnetic field and the background of general radiation 
due to stray ions striking the inside of the apparatus 
rhe first step in this direction was accomplished when the 
beam was made to émerge from the wall of the tank.' 
The chief difficulty in bringing it farther arises from the 
fact that the inhomogeneous field at the edge of the 
magnet poles causes the beam to diverge very badly. 
Exploratory experiments showed that, at a distance of 40 
cm from the point of emergence, the beam was spread 
into a horizontal ribbon 10 cm wide, and continued to 
diverge at greater distances. A partial refocussing has now 


accomplished by applying an additional inhomo 


beet 
geneous field, provided by pieces of iron bolted to the 
magnet poles. The focussed beam of 6 MV deuterons 
emerges at the end of a six-foot tube, well away from the 
cyclotron. Twenty-seven percent of the total current 
arrives at this point, mostly within a focal spot 33 cm 
in area. The beam is nearly parallel, and can be led much 
farther without much divergence. The rest of the current 
is not focused by the present field, but can easily be 
saved by more careful design 


Donald Cooksey and Ernest O. Lawrence, Phys. Rev. 49, 866(A) 


1936 


34. Positive Needle Point Corona Studies at Atmos- 
pheric Pressure. LEONARD B. LoreB AND W. LEIGH, 
University A study of asserted changes in 


shape and loss of material of positively charged needle 


of California. 


points in sustained corona appearing in the literature 
reveals no real loss of material by sputtering but changes 
produced by oxidation in air, and the collection of dust 
etc. was observed in Ne and in air. No uniform or syste- 
matic change in weight could be detected in as much as 
1920 microampere hours at 20,000 volts. The fact that 


positive point corona discharge maintains itself and shows 
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luminosity not only where fields incapable of producing 


ionization by positive ions, but even where fields incapable 


of causing electrons to ionize exist, has long required 
explanation. Studies reveal the corona to consist of many 
minute but finite transient streamers randomly propagated 
at great speed from the point and indicating by the blue 
spark spectrum high field gradients. These are superposed 
on the general background of arc spectrum. The corona 
can be explained as consisting of random emission of 
minute leader strokes discharges such as observed in 
lightning probably induced by intense ionization ava 
lanches started by single electrons approaching the point. 
Cravath and Loeb have given the theory of propagation 
of such strokes. The arc line glow is emission produced in 
the space between streamers by the subsequent discharges 
equalizing the potential gradients caused by space charges 


left by the extinguished preceding leader strokes. 


35. An Anomalous Lightning Discharge. E. J. Work 
Houizer, University of New Mexico.—In 


the execution of a lightning research program initiated by 


MAN AND R. E. 


J. W. Beams, L. B. Snoddy and the authors, a photograph 
of lightning similar in appearance to that photographed 
Abbot! was 
obtained. The flash occurred near Santa Fe, New Mexico, 


by R. J. Spickerman and reported by C. G 


and was recorded on the films of three rotating cameras 
he drums of two of the cameras rotated about a vertical 
axis and that of the third about a horizontal axis. The 
analysis of the films, using the horizontal and vertical 
time sweeps, indicates that the velocity in space is approxi 
mately 510° cm/sec. This velocity is of the order of 
magnitude of the velocity obtained by Schonland for 
dart leader strokes 

Assuming a probable distance of four miles, the length 
of the visible portion of the stroke exceeds sixteen miles 
with the greatest spread exceeding three miles 


1! Smithsonian Miscellaneous Collections, Vol. 92, N 
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